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Abstract

Persistent Currents in Bose-Einstein Condensates

Stuart Moulder

This thesis describes a set of experiments which probe the superfluid nature of both
single and two component Bose-Einstein condensates of 8’Rb in a multiply connected
toroidal geometry.

The first part of this thesis describes the preparation and detection of persistent
currents in a toroidal Bose-Einstein condensate (BEC). The apparatus and procedure
for cooling of a dilute vapour of 8’Rb atoms to degeneracy is briefly outlined. We then
explain how the condensate is transferred to a purely optical ring trap, formed at the
intersection of a horizontal sheet beam to confine against gravity, and a vertical tube
beam which produces the multiply connected geometry required for persistent flow.
Multiply charged superfluid flow is induced using a two photon transfer, and the final
angular momentum is detected kinematically in time of flight.

We study the metastability and decay of multiply charged superflow in a ring-
shaped BEC. High-charge superflow persisting for over a minute is observed, and we
clearly resolve a cascade of quantised steps in its decay. These stochastic decay events,
associated with vortex-induced 27 phase slips, correspond to collective jumps of atoms
between discrete angular momentum states. By numerical calculation of the excitation
spectrum and superflow velocity, we show the supercurrent decays rapidly if the flow
velocity approaches a critical velocity in agreement with the local sound speed. For
superflow below this limit, stochastic phase slips are also observed to occur at a much
slower rate.

This work is extended to study the stability of supercurrents in a toroidal two-
component spinor gas consisting of 8Rb atoms in two different spin states. We show
that for a large spin-population imbalance we recover the long-lived metastable be-
haviour of the single component case, with superflow limited only by atom-number
decay. However we find that the supercurrent is unstable for spin polarisations below
a well defined critical value. The role of phase coherence between the two spin compo-

nents is investigated, and it is shown that only the magnitude of the spin-polarisation



vector, rather than its orientation in spin space, is relevant for supercurrent stability.
By continuously coupling the magnetic levels of the ground state we generate an az-
imuthal vector potential, corresponding to a non-zero magnetic flux threading the ring.
By varying this effective magnetic field we demonstrate the creation of a limited subset
of dressed states with coupled angular motion and spin composition. Application of
such a setup is presented by explaining a proposed superfluid fraction measurement.
With a view to future work, the technical limitations of our current setup are then

discussed.
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Chapter 1

Introduction

The theory of quantum mechanics has underpinned many of the greatest scientific and
technological advances in the last century. Nevertheless, for much of the time we prefer
to understand the world through classical mechanics, a high temperature approxima-
tion, where the wave-like nature of particles can be neglected. Occasionally however,
the quantum nature of the world refuses to be ignored, and in order to progress we are
forced out of our comfort zone. Superfluidity and superconductivity offer two particu-
larly striking examples where classical physics falls short. Superfluidity, the phenomena
of mass currents without viscosity, and superconductivity, the phenomena of charge cur-
rents without resistance, are fundamentally related and arise as a consequence of the
existence of a macroscopic wavefunction describing the system.

Such a wavefunction was first postulated by Einstein in 1924 [1] following the work
of Bose on blackbody radiation [2]. Einstein showed the existence of a phase transi-
tion for a gas of non-interacting bosons at low temperatures, arising purely from the
quantum statistics of the particles involved. As the temperature is lowered, a critical
threshold is reached where the interatomic distance is on the order of the coherence
length of the matter waves, and the classical viewpoint breaks down. At this point a
Bose-Einstein condensate (BEC) forms, containing a macroscopic number of particles
all occupying the same quantum state. These particles are thus described by the same
macroscopic wavefunction and the system constitutes a quantum fluid. The properties
of such a quantum fluid were shown to be vastly different from those of a classical
fluid, providing an explanation for the unfamiliar behaviour observed in superfluid and
superconducting systems.

At this point, the first such quantum fluid had already been observed, with the
discovery of superconductivity in 1911, when Onnes [3] found the resistance of solid
mercury dropped to zero at temperatures below 4 K. The connection between super-
conductivity and BEC wasn’t fully made however until later, ultimately leading to the
formulation of the landmark BCS theory in 1957 [4], which describes superconductivity
as a microscopic effect caused by the condensation of Cooper pairs of electrons in a
boson-like state. Instead, Einstein’s prediction of a macroscopically occupied condensed

state remained unproved experimentally until the discovery of superfluidity in liquid



1.1 Introduction

helium in 1938 [5, 6], when it was found that the viscosity of liquid helium vanishes
suddenly below 2.17 K. In spite of the fact that liquid helium is strongly interacting,
it was soon argued by F. London that this transition was an example of Bose-Einstein
condensation [7].

With this insight, superflow could now be understood as an adiabatic transforma-
tion of the condensed state brought about by changes in the macroscopic boundary
conditions. Such motion would not require the presence of intermediate excited states,
and therefore could occur without energy dissipation. This interpretation lead directly
to the two-fluid model for liquid helium [8, 9], which succeeded in explaining and pre-
dicting many of the physical phenomena of superfluid helium. Fundamentally however,
a full theoretical understanding of superfluid helium is difficult due to the strength of
the atomic interactions present in the liquid phase which exclude the possibility of a
perturbative expansion from the non-interacting Bose gas considered by Einstein.

The realisation of Bose-Einstein condensation in dilute atomic gases in 1995 rep-
resented a breakthrough in the history of quantum fluids. This scientific milestone
was first achieved by the groups of E. Cornell and C. Wieman at Boulder [10], and a
few months later by W. Ketterle at MIT [11]. The significance of this achievement,
together with the decades of work on laser-cooling and manipulation of atoms which
preceded it, were recognised by the Physics Nobel prizes of 1997, 2001, and 2005. Such
systems provide the ideal test beds for simulating and understanding the broad array
of many-body quantum phenomena observed in condensed matter physics. In part this
is due to the ever expanding arsenal of experimental tools which have now been devel-
oped to allow one to effectively construct a desired Hamiltonian. Additionally, due to
the low densities required to prevent the gas transitioning to a solid, the inter-atomic
interactions present in these systems are often sufficiently weak to permit an accurate
perturbative treatment. This is in stark contrast to the superfluid experiments of He-
lium, where the macroscopic condensed state accounts for less than 10% of the total
density [12].

The combination of a clean and controllable environment together with a tractable
theoretical framework, mean experiments on atomic condensates offer an excellent play-
ground for probing superfluidity, and by extension, superconductivity. From this, it’s
hoped that progress can be made in outstanding problems such as high temperature
superconductors, the connection between superfluidity and dimensionality, and the pre-
cise connection between superfluidity and BEC. The specific questions tackled in this
thesis relate to understanding the metastability and decay of persistent currents in

superfluids.



1.2 Persistent currents

1.1 Persistent currents

The significance of persistent currents can be seen in an alternate definition of superflu-
idity and superconductivity, which is given by the response of the system to rotation,
or equivalently an external magnetic field'. Such a definition is explained in [13], where
the author considers liquid helium in a multiply-connected annular geometry. Starting
above the transition temperature to superfluidity, T, the annulus is set into rapid ro-
tation, causing the helium in its normal state to come into rotation with the container.
The liquid is then cooled through 7T} and the container is brought to a stop. The liquid
helium, which is now in its superfluid state, will continue to rotate indefinitely, form-
ing a persistent mass current. For a stationary container, this rotating state cannot
be the thermodynamic equilibrium, and so is an example of an extremely long-lived
metastable state. Such behaviour is characteristic of the superfluid state only, where
angular momentum is conserved.

The equivalent phenomena in superconducting systems is the conservation of mag-
netic flux. Starting with a cylindrical superconductor above the transition temperature
T., an external magnetic field is applied along the axis of symmetry. The sample is
then cooled below T, and the field removed. The analogous effect in superconductors is
now observed, where a persistent surface charge current forms, generating a magnetic
field such that the flux penetrating the sample remains unchanged. In both cases, the
systems remain in an excited metastable state due to the presence of a free energy bar-
rier to decay, the origin of which is the presence of a macroscopically occupied quantum
state.

The stability and eventual decay of such supercurrents have been studied for decades
in both helium and superconductors, however the decay mechanism is still not fully un-
derstood. Persistent currents in dilute atomic BECs therefore offer an ideal platform
with which to make further progress, and in addition, to explore the relationship be-

tween condensation and superfluidity.

1.2 Thesis outline

This thesis details our work on the stability and decay of persistent currents in di-
lute annular BECs confined to a toroidal geometry. The remainder of this thesis is

structured as follows:

e Chapter 2 provides a theoretical background to the phenomena of Bose-Einstein

condensation and superfluidity.

e Chapter 3 covers the experimental methods necessary for producing condensates

of 8"Rb, as well as the physical principles relevant to preparing and studying

!One can show that the Hamiltonian for a neutral atom in a rotating frame of reference is equivalent
to that of a charged particle in a magnetic field
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persistent currents.

Chapter 4 describes our experimental setup for creating an all-optical ring trap
and preparing a state of definite rotation using a two-photon transition to imprint
an azimuthal phase winding onto the condensate wavefunction. The method
for kinematic detection of rotation by time-of-flight expansion is also presented.
The significance of a multiply-connected geometry for long-lived supercurrents
is illustrated by studying the rapid loss of angular momentum through vortex

dynamics in a simply-connected rotating condensate.

Chapter 5 presents our first results on the metastability and decay of persistent
currents, which are published in [14]. We demonstrate the extreme metastability
of multiply-charged superflow persisting for over a minute. The persistent current
is found to decay in a cascade of quantised decay steps which unambiguously con-
firms that 27 phase slips are the supercurrent decay mechanism. The dynamics
of these phase slips is shown to be stochastic, with a probability which increases

as the flow velocity approaches a critical velocity set by the local sound speed.

Chapter 6 extends our studies to a two-component spinor condensate, the results
of which are published in [15]. We identify a regime at large population imbalances
where the two-component supercurrent is fundamentally stable and exhibits the
long-lived metastability observed in the single-component case. Below a well
defined critical population imbalance however, we show the presence of both

components means the supercurrent is fundamentally unstable.

Chapter 7 discusses our current progress towards creating an azimuthal vector
potential, analogous to generating a rotating frame of reference. We present
some preliminary experimental results, and describe the technical hurdles which

remain.

Finally, in chapter 8 we summarise our results and mention possible directions

for future work.



Chapter 2

Theory of Bose-Einstein condensation and

superfluidity

This chapter presents some of the theory behind Bose-Einstein condensation (BEC) and
attempts to illuminate the intrinsic connection between the phenomena of condensation
and superfluidity. We start by discussing how the BEC phase transition arises in the
ideal Bose gas purely as a result of the quantum statistics of the particles. The role of
interactions is then introduced and the excitation spectrum of the weakly interacting
Bose gas is calculated. From this we show the concept of superfluid flow as adiabatic
motion of the condensate leads directly to the ideas of a critical velocity and quantised

vortex states.

2.1 Condensation of an ideal Bose gas

For non-interacting bosons in thermodynamic equilibrium, the mean occupancy of a
single-particle state of energy e at temperature 1" is given by the Bose-Einstein distri-

bution
1

exp [(€ — p)/kpT] — 1’

where kp is the Boltzmann constant and p is the chemical potential. The chemical

fle) =

(2.1)

potential is determined as a function of both the total atom number N and temperature
T, such that particle number is conserved. The total atom number is then given by
the product of the mean occupancy f(€) with the density of states g(e) summed over
all available energy levels. Assuming that the confining potential is such that the
energy level spacing is much less than kg1, we can replace the sum with an integral.
Consequently, the system can be described by a continuum of excited states plus the

discrete ground state which must be explicitly retained [16, 17]:

N = No + Nex = No + b def(e)g(e), (2.2)

€min

where Ny is the number of particles in the ground state, and Nex the number in the

excited states of the system. As the temperature is lowered the chemical potential rises
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and the mean occupancy of the allowed states changes. For the distribution f(e) to be
positive for all states, the chemical potential is limited by g < €min, and as a result,
while the occupation of the ground state can be arbitrarily large, the occupation number
of any excited state v is constrained to be less than 1/(exp[(€, — €min)/kBT] —1). If the
total number of atoms in the excited states, Ney, is less than the total atom number, N,
the remaining atoms are accommodated in the ground state and form a condensate of
Ny atoms. We therefore quantify the phase transition to BEC as occurring at a critical
atom number N, for a given T', or equivalently, at a critical temperature T, for a given

N:
1

[(€ — €min)/kBT] — 1

Within the semi-classical approximation we can define a local distribution function,

N. = Nex(T, pp = €min) = / deg(e) o (2.3)

€min

where fp(r)dpdr/(2nh)? denotes the mean number of particles in the phase space vol-

ume dpdr: .
fp(r) = 2.4
P = o o) = 1) R T] = 1 24
The particle energies are those of a free particle at point r
2
ep(r) = om + V(r), (2.5)

where V(r) is the external potential. With this definition we calculate the density of

particles occupying the excited states of the system as

e (r) = / dp 1
o @) exp [(ep(x) — 1) /R T] — 1
93/2(2(r))
=32 R (2.6)
T
where Ar is the thermal de Broglie wavelength associated with the finite extent of each

particle wave packet

(2.7)

z(r) = exp(u—V(r))/kpT is the fugacity, and g3/, is the polylogarithm function
defined by

. (2.8)

3%

9(2) = Z

n=1
2.1.1 Uniform trapping potential
In a uniform system the three dimensional free particle density of states is given by

Vm3/2 1/2

9(5) = mﬁ ) (2-9)
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where V' is the volume of the system. Inserting equation (2.9) into (2.2), gives the result
(2.6), with an external potential V' (r) = 0, as expected. For a uniform ideal gas p <0,
and as y approaches zero the fugacity z(r) approaches unity, and hence g3/5(2(r)) tends
to g3/2(1) = 2.612. This gives an upper bound on the density of particles in the excited

states and gives the criteria for Bose condensation as
nA3 > max(ne\p) = 2.612, (2.10)

where n is the total particle density. This equation illustrates that condensation occurs
when the inter-particle spacing, n=1/3, becomes smaller than the wavelength associated
with each particle, \p.

The critical temperature at which condensation occurs is given by (2.6) with z(r) =

2 2/3
7= 2 . (2.11)
mkp \ g3/2(1)

1 and nex = n,

This gives the temperature at which condensation first occurs; combining (2.6) with

(2.11) gives the functional form of the condensate fraction for 7' < T,

3/2
% - <§> . (2.12)

2.1.2 Harmonic trapping potential

To first order we can expand any trap in three dimensions around the minimum and

approximate it to a harmonic trap with confining potential

m
V(r) = E(wizf + wsyQ + w?2?). (2.13)

This yields a quantised energy spectrum of single-particle energies that are labeled by

the non-negative quantum numbers n;, ny, n.,
€ng,nynz = I(naws + nywy + n.w;) + €, (2.14)

where € is the zero-point energy h(w, + wy + w;)/2. The onset of condensation in
a harmonic trap therefore occurs at y = €p. Using the harmonic oscillator quantum

numbers, equation (2.2) can be written as

dnzdnydn.,

N = N, 2.15
0t /0 exp [A(wyng + wyny + w.n;)/kpT] — 1’ (2.15)

where again we approximate the sum to an integral, assuming kT > hwy, where

wo = (wxwywz)l/ 3 is the geometric mean of the trapping frequencies. This integral can
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be performed by changing variables fiw;n;/kgT = n; to give

3
N = Ny +g3(1) (%) : (2.16)

With the condition Ny = 0, we rearrange this expression to find the critical temperature

th < N ) 1/3
T = — , 2.17
kg \g3(1) (2.17)
and the functional form of the condensate fraction for T' < T,
No T\*
i i 2.1
v () 219

For an ideal gas in the absence of interactions, the density distribution of the condensate

will reflect the ground state wavefunction g (r), which for a harmonic trap is given by

(-] e

where a; = ,/miwi is the oscillator length. Neglecting the zero point energy, €y, the

muwo \ 3/2
no(r) = Ng|¢0(r)|2 =Ny (Tho) exp

density distribution of the excited states for T' < T, is given by (2.6) with =0

_ 93/2(67V(r)/kBT) _ g32(exp [—m(wzz? + wyy? + w.2%)/2kpT))
- N - ¥ '

Nex(T) (2.20)
For typical experimental parameters, the condensate width is much narrower than
the width of the thermal distribution. As a result, in harmonically trapped gases,
condensation occurs both in momentum space, with the macroscopic occupation of the
ground state, and in real space, with the condensate appearing as a sharp peak in the

central region of the density distribution.

2.2 Weakly interacting Bose gas

So far we have considered the ideal Bose gas, which even in the absence of interactions
exhibits a purely quantum-statistical phase transition to BEC. In reality particles will
always interact, and even in the weakly interacting limit a real Bose gas behaves quali-
tatively differently from an ideal Bose gas. Interactions between atoms will modify the
equilibrium shape and dynamics of the condensate, and play an essential role in the

superfluid properties studied in this thesis.

2.2.1 Basic scattering theory

Here we outline the basic scattering theory in the context of ultracold gases, which

has been extensively covered in textbooks and lectures [18-20]. We consider a collision
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process between two particles, 1 and 2, of mass m, interacting through the spherically
symmetric potential V(r; — rg). Defining the relative coordinates r = r; — ry and

p = (p1 — p2)/2, the Hamiltonian for the relative motion is given by

-2
( L v<f~>) bi(r) = Brn(r), (2.21)

2m,.

where m, = m/2 is the reduced mass, and Ey = h2k? /2m,. is the incident energy.
Assuming V(r) — 0 at large distances we look for solutions at |r| — oo with the

asymptotic form:
) ethkr
Pi(r) ~ X7+ £(0) —, (2.22)

where 6 is the angle between the incoming and outgoing waves. The physical meaning
of this collision state is the superposition of an incident plane wave with momentum k,
and a scattered wave function. The form of the scattering potential, V' (r), determines
the scattering amplitude f(#). At the very low energies considered in ultracold gases
experiments, only partial waves with zero angular momentum (I = 0) will contribute
to the outgoing wavefunction. In this s-wave scattering limit the scattering amplitude
has no angular dependence and approaches a constant, denoted by —a. Therefore in

the low energy, k — 0, limit, the wavefunction becomes

Y(r)=1- % (2.23)

The constant a is the scattering length, and gives the intercept of the asymptotic
wavefunction with the r axis. To relate the scattering length and the interatomic
potential V' (r), we must solve (2.21) and take the same low energy limit. Rewriting
(2.21) as

(V2 + k) (r) = U(x)(r), (2.24)

where U(r) = 2m,.V(r)/h?, the general solution can be written as
Yi(r) = dk(r) + /d3r’G0(r — 1)U (x)x(r), (2.25)
where ¢y (r) = e’¥7 is the solution to the free particle Hamiltonian, (V2 +k?)¢y(r) = 0,

and Go(r) is a Green’s function of the Laplace operator

1 eikr

(V2 + k) Go(r) = 8°(r) = Golr) = = -

(2.26)

To compare to (2.22), we take the far field limit where r is much greater than the range

of the interaction.

/ eik|r7r’| etkr o
— eI ikr’, (2.27)

r-r
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2.2 Weakly interacting Bose gas

where the vector k' = kr is orientated along the direction of the scattered particle.

Within this approximation we obtain the far field form of (2.25),

etr 3./, —ik-r’ / /
o) = o)~ o [ e U i)
eikr

= Pk(r) = — (DU [, (2.28)

and by direct comparison with (2.22), we identify f(0) as
_ _i / — _i 3., —ik'-r’ / /
F0) =~ (@l UG 1) = — - [ e Une). (229)

In the low energy limit |k’.r'| < 1, and we can replace el ! by 1, removing the angu-
lar dependence in the scattering amplitude. Equation (2.25) is an iterative equation,
however making the first Born approximation by inserting the incoming wave on the
right hand side gives feom(6) = (¢4 | U(r') |¢x) /4m. Taking the & — 0 limit we obtain

an expression for the s-wave scattering length,

a= 4:%2 / Brv(v). (2.30)

We therefore see that in the low energy limit the details of the interaction potential are

integrated out and can be replaced by an effective potential,
V(ir—1")=gr—-1), (2.31)

where the coupling constant, g, and the s-wave scattering length, a, are related by

Arhia

m

g= (2.32)

Low energy collisions are therefore characterised by a single parameter, the s-wave

scattering length, independent of the details of the two-body potential.

2.2.2 Gross-Pitaevskii equation

The many-body Hamiltonian describing N interacting bosons confined in an external

potential Vey(r) is given by [16],

H= /drqﬁ [ V2+Vext( )| ¥(r)
+3 / drde' Ut (r) U1 (Y V (r — /)T () (r), (2.33)

where Wi (r) and W(r) are the creation and annihilation operators for a boson at position

r, and V(r — r') is the two-body interatomic potential. The operators ¥(r) and ¥f(r)

10



2.2 Weakly interacting Bose gas

obey the usual Bose commutation relations:
[U(r), ¥ ()] =6 =), [F(x), ()] =0, and [i(x), ¥T()]=0. (234

The time evolution of the field operator is given by the Heisenberg equation with the

many-body Hamiltonian:

L0 = S
() = [, 1
h2V? - . .
= |- +Vext(r)+/dr’\IJT(r’,t)V(r/—r)\ll(r/,t) U(r,t). (2.35)

2m

For T <« T,., when the ground state is macroscopically occupied, we may use the

Bogoliubov mean-field description [21] and replace the field operator by
U(r,t) = ®(r,t) + 0¥(r, 1), (2.36)

where ®(r,t) = (¥(r,t)) is a complex function defined as the expectation value of the
field operator, and 6\11(1', t) is a small perturbation due to atoms not in the condensate.
The function ®(r,t) is an order parameter and is referred to as the wavefunction of
the condensate. For the mean of the field operator, (¥(r,t)), to be non-zero, a well
defined phase relation must be enforced, otherwise the average over all phases of the
wavefunction would result in zero. From this, a generalised criterion for Bose con-

densation can be formed as a constraint on the first order spatial coherence function
GO (r,r') = (Ut(r)B(r)) [22, 23],

‘rigqrgoo@iﬂ(r)@(r')) = d*(r)®(r') # 0. (2.37)
Condensation can therefore be viewed as the onset of long-range off-diagonal order.
To zeroth order, the excited state perturbation can be ignored, and the field operator
is simply replaced by the condensate wavefunction. At low energies where s-wave
collisions dominate, the interatomic potential, V (r'—r), can be replaced by the effective
potential (2.31). Using these two approximations we obtain the time dependent Gross-
Pitaevski equation (GPE)

2v72
ih%%i) = <—h2Z + Vext (r) + g@(r,t)2> ®(r, ). (2.38)

The condensate density and number are then given by

no(r,t) = |®(r, ) = Ny = /dr\q)(r,t)|2. (2.39)

11



2.3 Excitation spectrum

Separating out the time dependence of the condensate wave function [24], ®(r,t) =

®(r)e /" where p is the chemical potential, we obtain the time-independent GPE

2v72
<_h2:l + V;axt(r) + 9"1’(1‘)\2) (I)(I‘) = /J'(I)(r) (240)

This has the form of a nonlinear Schrodinger equation, where the effect of interactions

is to add a mean field potential, proportional to the condensate density.

2.2.3 The Thomas-Fermi regime

For most experimental parameters where Nj is sufficiently large, the kinetic energy
term is much smaller than the interaction energy term and can be neglected [19]. In

this regime the GPE simplifies to
[Vext(r) + g|@(r)[?] 2(r) = p(r), (2.41)
and the condensate density to

for B> ‘/ext(r)

=0 for p < Vexe(r). (2.42)

For the case of a harmonic trap the condensate density profile is parabolic

2 2 2
W T ] z
v =L (1 f ) (24

where R; = 1/2u/mw? is the Thomas-Fermi radius. The chemical potential, u, is found

from normalising the condensate wavefunction according to (2.39)

(2.44)

th <15N0a)2/5
= — )

2 ag

where ag = \/h/mwy is the harmonic oscillator length associated with the mean trap-
ping frequency. In reality the condensate wavefunction will deviate from this inverted
parabola at the surface, otherwise the kinetic energy associated with the discontinuity

at the Thomas-Fermi radius diverges.

2.3 Excitation spectrum

In deriving the GPE we made use of the zeroth order Bogoliubov approximation by
treating the wavefunction of the condensate as a classical field. To take into account
fluctuations about the condensed state, we now retain the first order perturbation in
(2.36), o0 (r,t), which is assumed to be small. To conserve particle number on average,

the appropriate operator to consider is K=H- /AN , where the Hamiltonian, H , is the

12



2.3 Excitation spectrum

same as (2.33). To second order in the fluctuations

A A A A 2 A
K =H — uN =FEy — ulNy + /dr (—5\IJT(I', t)2h—V25\If(r, t)
m
+ [Vext () + 2g|®(x, t)|?> — )60t (x, )6 (r, t)

+ g (CIJ(r, 121501 (r, £)]% + @*(r, )25 9 (x, t)]2>>, (2.45)

where Ej is the energy of the condensate wavefunction only. The equations of motion

for the operators 6¥ and ¥ are given by

26w R o5t .
h—— = ; — T
ih 5 [0, K] and ih T [0V, K]. (2.46)
This gives the two coupled equations:
o h? 5 .
Z‘ha = [—Vz + Vext (1) 4 2n0(r)g — ,u] SV + g®(r)?6 0! (2.47)
ot 2m
VAl 2 N A
_ 82‘;’ _ [‘;mVQ 4 Vo (1) + 2n0(r)g — u] SOt 4 g% (r) 200 (2.48)

To solve these equations we look for solutions which are periodic in time, of the form

oW(r,t) = Z[ui(r)aie*iqt/h - v;‘(r)a;reiqt/h], (2.49)

.|.

where the operators «; and «; create and destroy bosons in the ith excited state.

1

The requirement that o, and «; satisfy the Bose commutation relations leads to the

condition

/dr[|ui(r)]2 — |vi(r)]?] = 1. (2.50)

Noting that the condensate wavefunction is real, we obtain the Bogoliubov equations:

2

[—;mVQ + Vext(r) + 2no(r)g — po — q] u;i(r) — no(r)gui(r) =0 (2.51)
h?

[_vaz  Vext (1) + 2n0(r)g — o+ ei] vi(r) = np(r)gui(r) =0 (2.52)

Solving to find the eigenvalues ¢;, the operator K can then be expressed in the form
K = > agai + constant, which simply has the form of the excitation energy times the
number of excitations. This is most easily solved in the case of a uniform system where

the excitations have the form of plane waves.

2.3.1 Excitations in a uniform Bose gas

For a uniform Bose gas, Vex(r) = 0, and from (2.42) the chemical potential p = ngg.

From the translational invariance of the system the solutions to (2.51) and (2.52) can

13



2.3 Excitation spectrum

be written in the from
eiq-r eiq-r
u;(r) = uqﬁ and vi(r) = vqﬁ,

where V' is the volume of the system. Substituting these solutions into the Bogoliubov

(2.53)

equations gives
(62 + nog — €q) ug — Nogug = 0 (2.54)
(62 + nog + €¢) Vg — nogug = 0, (2.55)

where 62 = h%¢?/2m is the free particle energy. This equation can be solved by the
requirement that the determinant of the coefficients of u, and v, equals zero, leading

to the excitation energy

2
€q = \/(63 +n0g)” = (nog)?, (2.56)
and using the normalisation condition (2.50), we find that
9 1 62 + ngg 41 (257
w=-L—= '
2 €q
1 [ €2+ nog
2 q
Vg=5 | —— 1), (2.58)
2 ( €q )

where the phase freedom of the solution permits us to choose u, and v, to be real and
positive. Having found the excitation spectrum for the uniform system, we use the

expressions for u, and v, in the first order perturbation operator

0U(r.t) =7 [ O et E O it/ (2.59)
U(r,t) = Ug—=0ge T —vg——=0ye1 ] , 2.59
ALYV vV
to express the number conserving Hamiltonian (2.45) in terms of the operators ¢, and
al:
g
N 1
K =FEy— uNo + Z eqagaq ~3 Z (62 + gno — €4) - (2.60)
q7#0 q7#0

It can now be seen that the system behaves as a collection of non-interacting bosons
with an energy given by the Bogoliubov spectrum (2.56). In the long wavelength limit

(¢*> < 2mgng/h?) the dispersion relation reduces to a linear function of ¢,
€q =~ chg, (2.61)

and the spectrum is sound like. Excitations are phonons and the speed of sound is

given by

14



2.3 Excitation spectrum

In the short wavelength limit (¢ > 2mgng/h?) the spectrum reduces to that of a free

particle in the mean field potential of the other atoms
€q 62 + gno. (2.63)

The transition from phonon to free particle excitation occurs when the wavelength of
the excitation ~ h/y/2mngg. This length scale is termed the healing length &, and
denotes the shortest distance over which the wavefunction tends to its bulk value when
subject to a local perturbation. If we consider the density varying from 0 to n over a
length scale £, then the competing kinetic and potential terms will balance when
72
2me?

1
Stna’

=ng = €2 = (2.64)

We can therefore understand that on length scales larger than &, the atoms are able
to move collectively as phonons, whereas on shorter scales they will behave as free

particles.

Thermal component

We now consider the depletion of the condensate due to excitations. The total particle

number is given by

N =Ny + / drdWT(r)6W(r). (2.65)
Using the form of the perturbation wavefunction in terms of plane waves, this takes
the form
N = N()—I-ZU +Zv —|—u aq, (2.66)
q#0 q#0

where we have made use of the Bose commutation relations for «,. This expression
shows that the condensate is depleted due to interactions, even at T' = 0 when no real
excitations are present. The two-body interaction mixes the ground state components
with higher energy states, and hence the ground state of the interacting gas does not
have all atoms occupying the zero momentum state. The zero temperature depletion

of the condensate is then given by

n
lex 2.67
o Vi, (267)
which for most experimental parameters is less than a percent.
When a real excitation is added to the system, keeping the total number fixed, the
condensate is depleted by an amount
62 +gno

Vg = ug + vg = T (2.68)
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2.4 Bose-Einstein condensation and superfluidity

For large momenta, when the excitations behave as free particles, this value tends
towards unity as expected. For non-zero temperatures we can calculate the thermal
distribution of such excitations using the Bose-Einstein distribution function, f, (2.1).
Since the addition of an excitation does not change the total particle number, the chem-
ical potential is set to zero. From this, we get the thermal depletion of the condensate

density as

_ _ dg €+ gm0 1
e(T) = me(T = 0) 4 [ OGS0

(2.69)

In deriving this expression we have used the Bogoliubov approximation, which assumes
the system is close to its ground state, and excitations are independent of one another.
As a result this expression is only valid at low temperatures; for temperatures closer
to the transition temperatures we must include higher order terms corresponding to
interactions between excitations. Such extensions are used in the Hartree-Fock and

Popov approximations, as explained in [16, 19].

2.4 Bose-Einstein condensation and superfluidity

The phenomena of superfluidity is fundamentally linked with the existence of a con-
densate; a single macroscopically occupied quantum state. In 1938, London published
the idea that superfluidity could be understood intuitively as an experimental manifes-
tation of BEC [7]. Superfluid motion, viewed as the motion of the condensed particles
as a whole, is therefore a collective phenomenon in which particles move together to
preserve the macroscopic occupation of a single state. Modification of the entire con-
densate wavefunction would have a macroscopic energy cost, therefore superfluid flow
can only be altered by depletion of the condensate as a result of the creation of exci-
tations. Below a certain critical velocity the energy to create such excitations is not
available, and the superfluid is able to flow unperturbed by its environment, and hence

without viscosity.

2.4.1 The Landau criterion

In the previous section we calculated the excitation spectrum for the interacting Bose
gas. Landau showed that if the excitation spectrum satisfies certain criteria, the motion
of the fluid does not cause energy dissipation [25]. To see this, consider the motion of
a uniform condensate, flowing at velocity v,. In the frame of reference stationary with
respect to the condensate, the excitation spectrum is the same as that found before in

equation (2.56). To find the Hamiltonian in the frame of the observer we use a Galilean
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2.4 Bose-Einstein condensation and superfluidity

transformation to obtain

;i mv 2
H,:Z(Pﬁs)Jr;ZV(ri_rj)

: 2m A

_ (pi)® | 1 Nmwv?
—Z om —|—2§V(ri—rj)+p-vs—|— 5 (2.70)
7 £

where p = ), p; is the net momentum of the particles in the condensate frame. For
the fluid in its ground state (E = Ey, the energy of the pure condensate, and p = 0)

the energy of the system in the frame of the observer is

Nmov?
2

E) = Eo + (2.71)

If we now add a single excitation to the ground state of energy ¢, and momentum p as

measured in the condensate frame, the new system energy in the observer frame is

2
muvg

N
E} = Ey+ )

+e+pP Vvs=Ej+e+p-vs. (2.72)
It therefore follows that an excitation cannot be created provided
€&p+P-vs > 0. (2.73)

This is the Landau criterion, and for flow without viscosity it needs to hold across the
entire spectrum for all p. If the Landau criterion is violated, the relevant excitation
will have negative energy in the observer frame, and therefore will grow exponentially
with time. Energy and momentum from the coherent motion of the condensate will be
transferred to incoherent quasi-particles, and the motion of the superfluid will become

unstable. This criterion is more commonly presented as a critical velocity

Ve = min [ep] : (2.74)
P

where for vs; < v, there is no mechanism for transfer of superfluid flow to heat, and
the fluid flows without viscosity. The ground state of any system is clearly for the
condensate to be stationary with respect to the laboratory frame. Superfluid flow is
therefore a long-lived metastable state, protected from decay to the true ground state
by the lack of low energy excitation states.

Taking the excitation spectrum for an interacting uniform condensate, (2.56), plot-
ted in figure 2.1, we see that the critical velocity is the speed of sound, corresponding
to exciting long wavelength phonons. Therefore a uniform BEC has a non-zero crit-
ical velocity, and at low flow velocities will behave as a superfluid. The concepts of
superfluidity and Bose-Einstein condensation are therefore fundamentally connected,
with the Landau criterion linking the onset of viscosity in a superfluid to the creation

of excitations in a condensate. For the case of a non-interacting gas, the spectrum is
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2.4 Bose-Einstein condensation and superfluidity

8( p) 2 Figure 2.1: Excitation
&(p)= P +gn spectrum for the uniform
2m weakly interacting Bose

gas: This illustrates that
the Landau critical veloc-
ity is equal to the speed

Critical of sound, and viscos-
velocity ity is therefore brought
&(p)=cp about by the excitation of
long wavelength phonon
p modes.

simply that of a free particle €(p) = p?/2m, and hence the critical velocity disappears.
Interparticle interactions are therefore essential for the existence of superfluidity, and
intuitively we would then expect that decreasing the strength of interactions must de-
crease the critical velocity.

In reality the Landau criterion is actually only a necessary, but not sufficient con-
dition for superfluid flow without viscosity, with many systems exhibiting lower energy
excitations involving vortex like motion of the superfluid leading to superfluid turbu-
lence and unstable flow. In the classic experiments on strongly interacting He II flowing
through narrow channels, it was found that the critical velocities were typically around
two orders of magnitude lower than those expected from the Landau criterion, which
in this case corresponds to roton excitations. As discussed in Section 2.4.3, this is due
to low energy vortex states which involve a macroscopic transformation of the con-
densate wavefunction, and therefore were not initially predicted by the perturbative
method used by Bogoliubov. As first predicted by Feynman, vortices nucleate inside
the channel and carry energy away from the superfluid via the phase-slip mechanism
[26, 27]. The critical velocity for such a process is still set by equation (2.74), only now

the relevant energy and momentum are those of the vortex state.

2.4.2 Superfluid component

In describing the theory of BEC we used a two-component picture of the particle den-
sity, where the cloud could be considered to be composed of a condensed component
and a thermal component. Superfluids are also described by a two-component model
where the superfluid is made up of two interpenetrating fluids: the normal fluid associ-
ated with excitations, and the superfluid which is associated with the condensate. Since
particles are converted between the two components the two fluids are not physically
distinct, and one cannot separate the fluid into two such parts. More accurately we can
say that a quantum fluid can execute two motions at once, each with its own effective
mass. One of these motions is normal (ie. has the same properties as an ordinary
viscous fluid), but the other is the motion of a superfluid. This concept is referred to

as the two-fluid model of superfluids and is used to successfully explain many observed
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2.4 Bose-Einstein condensation and superfluidity

phenomena in liquid helium experiments, as well as predict the phenomenon of second
sound.

In many ultracold gas experiments it is common to simply equate the condensed
fraction and the superfluid fraction, however in general these two quantities take very
different values. Although superfluidity and condensation are strongly related, the def-
inition of superfluidity as dissipationless flow and the definition of condensation as the
macroscopic occupation of the ground state are clearly distinct. For low temperature
4He experiments the condensed and superfluid fractions are believed to be approxi-
mately 10% and 100% respectively [12], while in two-dimensions the superfluid fraction
can be non-zero even if the condensate vanishes [28]. To formulate a strict expression
for the superfluid and normal component we consider a gas at rest and calculate the

momentum density carried by the excitations of the system

. dp
Jex—/wpfp, (2.75)

where, as in (2.69), we have used the Bose-Einstein function to find the distribution
of thermal states. Transforming to a frame moving with a velocity —vg, in which the
condensate is now moving with velocity v, the total momentum density in this new
frame is given by

J=pVs+ex; (2.76)

where p = nm is the total mass density. Using (2.72), the energy of an excitation
in this moving frame is given by €, — p.(v, — v;), where v,, is the velocity of the
excitation in the original frame. As a result this transformed excitation energy enters
the Bose-Einstein function and the momentum density of the excitation spectrum is
given by

Jex = pn(|vin — vs|) (Vi — Vvs), (2.77)

where

B dp p-v 1
pnlv) = / 2r7h)? 02 expl(ep —p-v)/kpT] — 1’ (2.78)

Substituting this into the expression for the total momentum density (2.76), we obtain
j = Pn(vn - Vs) + pvs. (2.79)

If we define the superfluid density as the difference between the total and normal

densities, ps = p — pn, the total momentum density can be written in the form
J = psVs+ pnVn. (2.80)

This clearly takes the form of two interpenetrating fluids, and we can now compare
the normal fluid fraction (2.78) to the thermal fraction derived earlier (2.69). We note

in general that the normal fluid and thermal component are not equivalent, and we
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Superfluid

fraction Figure 2.2: Superfluid

fraction and thermal frac-
tion of a weakly interact-
ing uniform Bose gas as a
function of temperature:
The thermal fraction in
red is calculated using
the Hartree-Fock version
of (2.69), whereas the su-
perfluid fraction in blue is
calculated using (2.78).
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also find that the superfluid fraction is velocity dependent. The superfluid fraction of
a uniform weakly interacting Bose gas can be calculated using the excitation spectrum
calculated earlier (2.56) and is shown in figure 2.2 as a function of temperature. The
corresponding thermal fraction is also shown. This is calculated using the Hartree-Fock
form of (2.69), which is more accurate at higher temperatures. For this situation the
condensed fraction and superfluid fraction closely track one another, and to first order
can be considered equal.

To confirm this, we consider the case of small relative velocities where we can

expand the distribution function to first order as

o 0
= [ ey (—;) (281)
[ _dp P’ 9f
- / (2rh)® 3 <_ aep>’ (2.82)

where f0 = [exp(e,/kpT) — 1] is the zero velocity distribution function. Integrating

this by parts we obtain

Andp O [ p* Op 0
~ — | == . 2.83
P /(27rh)33p <3 2c, ) 17 (2.83)
For temperatures T' > T* = nUy/kp the dominant contribution comes from high

momentum states, where the energy of an excitation is approximately equal to that of

a free particle €, ~ p?/2m. Equation (2.83) then simplifies to

dp 0
’0"2/(27rh)3mfp (2.84)
o MMNex, (2.85)
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2.4 Bose-Einstein condensation and superfluidity

where we have used the T' > T™* form of the thermal particle density in (2.69), neglecting
the zero-temperature quantum depletion. We therefore see that the thermal component
and normal component are only equal at high temperatures, where excitations behave
as free particles and contribute precisely one particle to the thermal component and
particle mass m to the normal component. At lower temperatures excitations are

collective and this relation is no longer valid.

2.4.3 Vorticity and irrotational flow

In this section we show that the connection between superfluid flow and condensate
motion constrains superfluid flow to be irrotational. This leads to quantised circulation
of the entire condensate, and the existence of quantised vortices; lines of zero density
about which the phase of the condensate wavefunction must wrap around an integer
multiple of 2. One can show that the condensate in a rotating frame is analogous to
the physics of a charged particle in a magnetic field, and hence the irrotational nature

of the condensate maps onto the Meissner effect in superconductors [29].

Quantised circulation

Starting from the time dependent GPE (2.38) we derive the equation,

9] ®|2 h
| =——(®P*VDP — dVD*)| = 0. 2.
ot +V Qmi( \Y% Vo) 0 (2.86)

Identifying the condensate density ng = |®|?, this takes the form of the continuity

equation for particle density,

0
% + V- (nov) =0, (2.87)

where we distinguish the velocity of the condensate as

B (VO - oVOY)
M e . (2.88)

Splitting the condensate wavefunction into its amplitude and phase, ® = fe'?, the

velocity is then simply the gradient of the phase
h
v=—Vo. (2.89)
m

From this it then follows that the condensate velocity is irrotational,

V xv=0, (2.90)
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and hence the motion of the condensate is more restricted than that of a classical fluid.

Calculating the circulation, I', around a closed path we find

Fz%v-dl

= hfw = "o (2.91)
m m

where from the single-valuedness of the wavefunction, the phase of the wavefunction
must change by an integer multiple of 27 around a closed loop. This immediately
leads to the quantisation of circulation of the BEC. However, to create such a state
we have created a phase singularity within the closed loop, about which the phase
winds and the wavefunction is many-valued. Such a state can therefore only exist in
a multiply-connected geometry, where the condensate density vanishes at this phase
singularity. Such a multiply-connected geometry can be created either by the external
trapping potential, or by the formation of vortices; lines of zero density about which
the condensate phase winds. Using Stoke’s theorem the general form of (2.90), allowing

for such phase singularities, is

Lh
Vxv= zaﬁ(r — 1), (2.92)

where ¢ is referred to as the charge of the singularity, 62 is a two-dimensional delta
function in the xy plane, and rq is the location of the singularity. This tells us that a
condensate can rotate, but at the expense of producing such phase singularities. Such
phase singularities have been experimentally observed in BECs in several experiments

including as density singularities in [30-32] and as phase singularities in [33, 34].

Quantised vortices

If we consider purely azimuthal flow of a condensate in a system with rotational sym-

metry about the z axis, from (2.91) the flow velocity is given by

vy = gi, (2.93)
mr

where r is the radial distance from the trap axis, and the condensate wavefunction must
vary as €%, where 6 is the azimuthal angle. This velocity profile is that of a vortex
line, and for the kinetic energy to remain finite the condensate density must vanish
along the axis of the trap (r = 0). Such quantised vortices were first proposed by
Onsager [35] and Feynman [36] in the context of liquid helium experiments, and were
first experimentally verified by measuring the attenuation of second sound propagating
perpendicular to the axis of rotation, due to scattering of the normal fluid by vortex
lines [37]. Since the experimental realisation of BEC, several experiments have been
able to generate and study both a single vortex [30], and vortex arrays [31, 32] in

rotating condensates.
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2.4 Bose-Einstein condensation and superfluidity

An important distinction to note is that although the circulation of a condensate
is quantised for all flow configurations, the angular momentum per particle of the
condensate need not be. To demonstrate this we now consider a cylindrically symmetric
trap of radius R rotating about its axis z. The angular momentum about the axis of
the trap is equal to

L, = ngpm/rdrdevgr, (2.94)

where nsyp is the columnar particle density integrated along the axis of rotation, which

is assumed constant. The angular integral can be written in terms of the circulation

/d@vgr = ?{V - dl, (2.95)

which is equal to ¢h/m if the contour contains the vortex line, and zero otherwise. For
a system with a vortex along the axis of symmetry this simply evaluates to L, = N/h,
and therefore the angular momentum per particle is also quantised. If the vortex is

now displaced a distance d from the axis, the total angular momentum is given by
R d?
L, = nh/ rdr = NCh (1 - RQ> ) (2.96)
d

and the angular momentum per particle need not be quantised.

Energy of a single vortex

The creation of vortex states is clearly of significance as it allows the bulk condensate to
rotate by the formation of phase singularities where the irrotational condition is allowed
to break down. To find whether such vortices form, we first calculate the energy per
unit length of a single vortex of charge ¢ on axis in a uniform condensate of density
n, and radius R. This can be found approximately by simply integrating the kinetic

energy associated with the flow,

27 rR R
E="" / / ordrdd = "X 2R / dr
2 0 0 m 0 T

_ M B (2.97)
m Te
The integral diverges for r = 0, hence a cutoff r, is introduced, below which the

expression for the velocity breaks down. This cutoff is typically taken to be the healing
length, ¢ in (2.64), however more accurate variational calculations give r. = £/1.46
[19]. In principle, the potential energy due to the density profile of the vortex should
also be included, however this can be shown to be a small contribution and is typically
included in the uncertainty of .. Because the energy of a vortex scales as 2, the lowest
energy configuration is for the multiply charged vortex to break up into an array of £,
singly-charged vortices. The vortices will attempt to form a regular hexagonal array to

maximise their separation and minimise the total energy.
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2.4 Bose-Einstein condensation and superfluidity

We now consider the response of the condensate in a frame rotating with angular

velocity €2 about the axis. The energy of the vortex in the rotating frame is given by
E =E—-QL,, (2.98)

where L, is the angular momentum of the condensate in the laboratory frame. For the
case considered of a singly charged vortex on axis, the angular momentum is simply
L. = Nh, where the total atom number N = nwR2. The condition for the vortex

solution to become energetically favourable is then when the rotation velocity exceeds

=Ly (?) . (2.99)

Therefore, for 2 < ., the superfluid will remain at rest while the normal component

a critical value given by

will be brought into rotation. As € is increased above Q. it will become energetically
favourable for the condensate to rotate and form a vortex, and at even higher € addi-
tional vortices will enter the system and a vortex array will form. Such an experiment
was performed in [38], where the angular momentum of the condensate was measured as
the stirring rate of an auxiliary laser beam was increased. For a large range of stirring
frequencies L, remains zero, corresponding to stirring below the critical frequency. At
Q ~ Q. an abrupt jump in L, was observed corresponding to the nucleation of a vortex
at the condensate surface which quickly moves to the central axis, giving L,/N = h.
As  is increased further L, is found to increase continuously, which is facilitated by
nucleation of a secondary vortex at the surface and the motion of the first vortex off axis
due to mutual interactions between the vortices. At even higher € additional vortices
enter the system and L, determined in a non-trivial manner from their arrangement,
increases continuously. Above a certain {2 the vortex array breaks apart and the forma-
tion of a turbulent state is observed where L, no longer increases monotonically with
Q.

From this we see that the counter situation of a rotating condensate in a stationary
frame is an excited state, and that the ground state is the non-rotating vortex-free state.
While it’s simple to understand the ground state of such systems, the mechanism by
which a condensate gains or loses vorticity is far from trivial, and still an active area of
research. If the appropriate excitation for the system to acquire or dissipate vorticity
is not energetically accessible, then the metastable state is protected from decay to the

true ground state.

Feynman critical velocity

We now switch to a different flow geometry, relevant to our studies on persistent currents
in annular condensates and studied extensively in superfluid helium experiments. Here
we consider superfluid flow through a long narrow channel of radius R (figure 2.3). In

such a flow channel it was found that the measured critical velocity was significantly
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2.4 Bose-Einstein condensation and superfluidity

lower than that predicted by the Landau criterion, and was also dependent on the
channel geometry. It was Feynman who first suggested that these low critical velocities
could be due to the formation of vortices produced by friction with the walls [39]. The
mechanism by which such vortices are created then determines the critical velocity,
and the fate of these vortices determines the nature of the supercritical flow. We can

envisage two possibilities for nucleated vortices:

1. For velocities larger than v., vortices nucleate as small vortex rings attached to
the container wall, which then interact with the normal fluid through mutual
friction. This allows the vortex energy to dissipate into heat and the vortex ring
shrinks steadily until reaching atomic size and decaying into quasiparticles. Such
a scenario converts superfluid kinetic energy into heat and therefore appears as

viscosity, identical to that considered by Landau.

2. Alternately, the vortex ring may grow and enter into the fluid, creating a com-
plicated tangle of vortex lines which are characteristic of a turbulent state. Such
superfluid turbulence will act to damp the superfluid flow, but via a different

mechanism to that in scenario 1.

Numerical calculations suggest that for a weakly interacting BEC the first scenario
applies [40]. Experimental evidence indicates that the superfluid flow of liquid helium
above v, is a superfluid turbulent state, corresponding to the second scenario. Under-
standing turbulent flow is a notoriously difficult problem, and as a result there are still
many open questions [41]. The mechanism by which vortices nucleate off the walls, en-
ter into the bulk of the fluid, and how turbulence damps the superfluid flow are all still
not fully understood. Nevertheless we can formulate a crude model outlined in [39, 42]
to obtain an order of magnitude estimate of the critical velocity for both scenarios.
To estimate the critical velocity we simply ask at what flow velocity is it energet-
ically favourable to place a vortex structure into the flow channel. It turns out that
the lowest energy structure to consider is a vortex ring, illustrated in figure 2.3. For a

vortex ring of radius r, the energy F, and momentum P, are given by [43]

h2

E =22 (2.100)
m

P, = 2n°nlir’z, (2.101)

where z is the unit vector normal to the plane of the vortex ring. Using (2.72) the
energy of a vortex ring in the plane perpendicular to a background flow of velocity v
is given by

h
E. = E, +P, v, = 2r%nh ( In <T> + vs> , (2.102)
mr &

where the sign characterises the sense of rotation of the vortex ring. This expression is

minimised by letting r attain its largest value, which is R, the radius of the container.
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2.5 Conclusion

Figure 2.3: Formation of a vortex ring in a flow channel: The vortex ring is a single vortex
connected back onto itself, and therefore at distances far from the ring the velocity tends to
zero. As a result, unlike a single vortex, a vortex ring has a finite energy dependent on its size
and not the size of the container it is in.

For vg > v, this energy will be negative, and hence we obtain the Feynman estimate of

the critical velocity,
h R
F
=—1In—. 2.1

We note that this is only an estimate as it neglects interactions of the vortex with the

v

walls, the energy barrier present to actually reaching such a state, and any density
modification due to the vortex and edge effects. Nevertheless (2.103) gives the correct
order of magnitude of critical velocity for liquid helium experiments, and gives the
observed scaling of v. with pipe radius R. Although here we considered the case of a
vortex ring, the same expression is obtained for the case of a vortex-antivortex pair,
separated by a distance 2R. For the case of r > £ the curvature of the vortex can be
neglected, and hence a vortex ring of radius r maps onto a vortex-antivortex pair of

length 7r.

2.5 Conclusion

In conclusion we have introduced some of the theory of BEC and superfluidity relevant
for discussing persistent currents. Of particular importance is the concept of superflow
as the translation of an interacting condensate which permits flow without viscosity be-
low a critical velocity. The value of this critical velocity is set by the allowed excitations
of the system, and in particular by the formation of vortex states. This is discussed
further in Chapter 5 for the case of a ring BEC, where the role of quantised vortices is

found to be essential in explaining the stability and eventual decay of superflow.
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Chapter 3

Experimental methods and BEC

production

This chapter covers the experimental methods and parts of the experiment used for the
production of 8"Rb BECs. Most of the work in designing and building the system for
achieving both 8 Rb and 3°K condensates was carried out by students before me, so I
will attempt to only briefly cover the aspects relevant for cooling to quantum degen-
eracy. For a more detailed and exhaustive explanation of this part of the experiment
refer to [44-46]. The specific sections relevant to studying persistent currents I will
cover in greater depth. This includes (i) the theory of atom-light interactions (relevant
for the production of an optical ring trap and transfer of angular momentum to the
condensate), (ii) the interaction of atoms with an external magnetic field (relevant for
defining the basis of states used in transfers and multi-component studies), and (iii)
absorption imaging (relevant for the quantitative analysis of persistent current stabil-
ity).

The experimental setup used in this work was primarily designed for the production
of 39K condensates via sympathetic cooling with 8’Rb. The broad Feshbach resonance
present in 3K allows us to tune the interparticle interactions across a wide range. This
has been used in several studies performed on this system, to study the thermodynam-
ics of ultracold Bose gases [47-49] as well as condensates out of equilibrium [50, 51].
The work presented here only made use of 3’ Rb condensates, however due to the sig-
nificance of the 3K experiments, the system remained optimised for 3°K condensate
production for much of my time.

The structure of this chapter will be as follows. The first section will outline the
experimental sequence and techniques used in cooling a room temperature vapour of
8TRb to degeneracy. The sections that follow explain some of the physics and technical
details behind these stages, with additional information provided for those stages rele-
vant to studying persistent currents. The ordering of these sections will try and reflect

the order in which they appear in the experimental sequence.
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3.1 Sequence overview

Figure 3.1: Diagram of the vacuum system, translation stage and quadrupole coil support.
Components labeled include (1) ion pumps, (2) turbo pump, (3) atom source module, (4) MOT
cell and quadrupole coils, (5) quadrupole coil mounting arm, (6) translation stage, (7) Ti-Sub
pump, and (8) science cell.

3.1 Sequence overview

The experiment is performed in an ultra-high vacuum chamber which is illustrated in
figure 3.1 [46]. 8"Rb vapour is released into the Magneto-Optical Trap (MOT) chamber
(4) by heating getters fitted in (3). Following laser cooling, the atoms are magnetically
trapped and transported to the science cell (8) where they are cooled to degeneracy.
This dual-chamber setup is beneficial for two reasons. Firstly, the MOT chamber
requires sufficiently high 8"Rb vapor pressure, on the order of 10 °mbar, for rapid
loading of the MOT, whereas the science cell requires very low background pressure, in
the region of 10~ mbar, to ensure the long lifetime of the atoms required for efficient
evaporative cooling and long BEC lifetime. This is achieved by splitting the system
into two regions, connected by a low-conduction section. The second advantage of this
design is to increase optical access to the BEC, which is required for imaging, trapping,
and manipulation of the condensate.

The ground state of the atoms is the 525’1/2 state, which is split into the F' = 2
and F' = 1 hyperfine levels, with the final BEC produced in the |F' = 2, mpr = 2) state.
For studies on persistent currents we then transfer the BEC to the |F =1,mp = 1)

state using a microwave transfer. The sequence outline is as follows:
1. 8"Rb vapour is loaded into the MOT (4) and Doppler cooled (Section 3.3.2)

2. The quadrupole field is removed and the molasses stage cools the atoms further,

maximising phase space density (Section 3.3.3)

3. The atoms are then optically pumped into the |F' = 2, mp = 2) magnetically trap-
pable state (Section 3.4)
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3.2 Atom-light interactions

‘e> Figure 3.2: The two-level atom:
The two energy levels are sep-
AL arated by a transition with fre-
-3 - quency weg and the atom is driven
by a monochromatic plane wave of
frequency w. The variable param-
@, eters are the detuning of the light
field from resonance A = w — weg,
and the strength of the atom-field

‘ g> coupling €.

4. The atoms are transferred to a magnetic quadrupole trap and transported to the

low pressure science cell (8) (Section 3.5.1)

5. The quadrupole trap is transformed to a QUIC trap and the gas is evaporatively
cooled (Section 3.6)

6. The atoms are loaded into an optical dipole trap and the depth is gradually
lowered to cool the gas to BEC (Section 3.7)

7. (Optional) An adiabatic microwave sweep transfers the atoms from
|F=2,mp=2)— |F=1,mp=1) (Section 3.8)

8. All optical and magnetic fields are removed and the cloud is absorption imaged

after a variable time of flight (Section 3.9)

All subsequent experiments on persistent currents follow the same steps (1-7) to prepare
the initial BEC.

3.2 Atom-light interactions

The interaction of light and atoms is of great significance in the field of ultracold
gases. When an atom is placed in a light field the oscillating electric field induces an
electric dipole moment in the atom which then couples to the field. The effect of this is
typically divided into two process which are used extensively in the field of laser cooling
and trapping. Firstly the light may induce transitions between atomic states involving
the absorption and emission of photons. Secondly this coupling will modify the atomic
eigenstates, creating new dressed states with different eigenenergies. To understand

these processes we consider a simple two-level model of the atom.

3.2.1 Two-level atom

The two-level atom we consider is shown in figure 3.2, where the atom is simply com-
posed of a ground state |g) and an excited state |e) separated by a transition of frequency

Weg- Incident on the atom is a time varying electric field E = €y cos(wt). The dipole
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3.2 Atom-light interactions

moment of the atom, d = —er, couples to the electric field producing a perturbation
En . .
H =-d- é%(elm +e7™h, (3.1)

The atomic wavefunction at any time can be written as a superposition of the unper-

turbed ground and excited states,
U(r,t) = cg(t) [g) + ce(t) e) e, (3.2)

Substituting this into the time-dependent Schrodinger equation with the Hamiltonian

H = Hy + H', where Hy is the unperturbed Hamiltonian, gives the coupled equations

- dcg(t) _ o t(w—weg)t —i(wtweg)t

ih o Ceh7 (e 9t +e g ) (3.3)
. dc@ (t) Q 2(w+twe —i(w—we

ih o cgh§ (e (Wtweg)t 4 =i 9)t> ; (3.4)

where we have defined the Rabi frequency

0="0c|d-elg), (3.5)

which describes the strength of the coupling between the atom and the electric field. If
we assume the field is close to resonance we can make the rotating wave approximation
(RWA) by neglecting terms which oscillate at twice the driving frequency since their
time dependence will average out to zero compared to the much slower evolution of ¢,

and cg4. In this regime the equations simplify to

d t 1At

ihcdgt() - cem*% (3.6)
d . t —1At

ih Cdi ) _ cghQE — (3.7)

where we have introduced the detuning from resonance A = w — wegy.

Rabi oscillations

To obtain the time dependence of ¢, and ¢, we solve the coupled equations by differ-

entiating (3.6) and (3.7) in time to obtain the uncoupled second order equations

d’c . de 0?2
WZQ — ZA?; ZCQ =0 (38)
d*c, .. de. Q2
dtc2 + zAd—Ct e =0, (3.9)

Such equations are simply solved, and assuming only the ground state is populated at

t = 0 when the field is turned on, the population of the excited state at time ¢ is given
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Figure 3.3: Rabi Oscillations: This figure shows the time dependent oscillations of the excited
state population for different detunings. As the detuning increases the frequency increases and
the maximum population transferred decreases.

by

02 Wt
2 _ .2
lee(t)]” = p72 Sin < 5 ), (3.10)

where we define the effective Rabi frequency
W =2+ A2, (3.11)

The population of the excited state therefore undergoes Rabi oscillations at the fre-
quency W. The efficiency of transfer to the excited state depends on the detuning A,
with complete transfer to the excited state only possible on resonance. If we apply the
light field on resonance for duration 7' = 7/ the atom undergoes a 7 pulse whereby
the state is flipped completely from pure |g) to pure |e). Likewise for a light pulse of
half the duration, the atom undergoes a /2 pulse and is left in an equal superposition
of ground state and excited state (|e) & |g))/v/2. Such operations are used extensively

in this work.

AC Stark shift

In addition to affecting populations, the perturbing radiation also changes the energy

iAt/2

levels of the states. We show this by defining the new coefficients ¢, = c4e™ and

iAL/2

Ce = Ce€ which removes the time dependence from (3.6) and (3.7). The equations

of motion then take the form

i, Q. A
Z% = ECB + ECQ (312)
dée Q. A
’L% = ECQ — Ece, (313)
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3.2 Atom-light interactions

Figure 3.4: Light shift of a two-
e> level atom interacting with an ex-
ry ternal electric field: The energy

shift of the ground and excited

state are shown as a function of in-
eg creasing Rabi frequency. The red
line is for negative detuning, and
the blue line is positive detuning.
In the limit of zero coupling the en-
ergy levels revert back to their un-
perturbed levels. The effect shown
here is exaggerated for clarity.

and the Hamiltonian is written as

(3.14)

2

PR
Q -A

Diagonalising this Hamiltonian, the eigenvalues are

)\:ig\/(22+A2, (3.15)

and the new eigenvectors can be written as
le") = cosf|g) — sinf |e) ) lg") =sinf|g) + cosfle) (3.16)

where tan 20 = —Q/A. These new states are the dressed states of the excited state and
the ground state plus a photon. At A = 0 there is an avoided crossing and the dressed
states are split by hf). The composition of the dressed states varies as a function
of detuning and on resonance the dressed states are an equal superposition of the
original ground and excited states. For far detuned light, A — 00, the dressed states
revert to the pure unperturbed states, |g) and |e). Reversing the various coefficient
transformations we have done until this point, the energies of the excited and ground

state in the original basis are then given by

hA h
Ee = hweg + - + B 02 + A2 (3.17)
hRA _h

where the top sign choice is for negative detuning (A < 0 corresponding to red detuning)
and the bottom sign choice is for positive detuning (A > 0 corresponding to blue
detuning) to give the correct unperturbed energies in the limit 2 — 0. The perturbed
states experience a shift which is dependent on the strength and detuning of the light
field, and the overall sign of the shift depends on the sign of the detuning. This
is illustrated in figure 3.4 where the light shift is plotted as a function of increasing
electric field strength. This is known as the AC Stark shift and is used to optically
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3.2 Atom-light interactions

trap atoms by spatially varying the energy of the ground state to create a trapping

potential.

3.2.2 Optical Bloch equations

In the discussion so far, an atom in a light field undergoes oscillations between the
ground and excited states, with conservation of energy requiring that the energy is
transferred coherently to and from the external field by absorption and stimulated
emission. To include the process of spontaneous emission which limits the lifetime of
the excited state, we use the density matrix representation of the atom to account for

the loss of energy to a background field. The density operator is defined for our two

pA _ ‘\II> <\I/‘ _ pgg pge _ CQC_Z cgci ) (319>
Peg  Pee CeCq CeCe

Diagonal elements give populations, while off diagonal elements are coherences. If a

state atom as

state has non-zero coherences then there exist observables whose value depends on the
relative phase between the states |g) and |e). The time evolution of the density matrix

is given by von Neumann’s equation

dp _ 1 [[3’ H} (3.20)

The advantage of this formalism is that we can now include the effect of spontaneous
emission into the time evolution of the density operator. If the lifetime of the excited
state |e) is 1/I", it can be shown that the complete equation of motion for the density

matrix is given by [52]

d,O R _Fpee Ep e
dt:h[p,ﬂ]—<F 2P ) (3.21)
3 Peg Tpee

Using the Hamiltonian derived in (3.14) we obtain the coupled differential equations

Pag :§(ﬁge — Peg) + Tpee

oo == 5 Py~ feg) ~ T

oo == 5 pee = pug) ~ 10ge — e

Peg :§(Pee — Pgg) T 1Apge — gf’eg- (3.22)

These equations are further constrained by the sum of the populations totalling one
(pee + pgg = 1), and the fact that the coherences are complex conjugates of each other

(Pge = [)ig), reducing the number of independent variables to three. These are usually
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(a) w (b) w

Figure 3.5: Evolution of the Bloch vector: (a) Evolution of the Bloch vector for the parameters
Q=1,A=0.3,and I' = 0. In the absence of decay the Bloch vector is of unit length and the
atom remains in a fully coherent state. (b) Evolution of the Bloch vector for the parameters
Q=1,A=03,and I' = 0.1. The inclusion of spontaneous emission causes the Bloch vector
to shorten and the system to decohere to a statistical mixture.

formulated as the components of the Bloch vector R = (u, v, w):

u = (ﬁge + ﬁeg)v v = i(ﬁeg - ﬁge), w = (pgg - pee)' (3'23)

The equation of motion of the Bloch vector is found from (3.22), to give the standard

form of the optical Bloch equations

U =Av — §u
T
U =Au+ Quw — 51}
w=-Qu—-T(w-1). (3.24)

In the absence of spontaneous decay (I' = 0), the evolution of the Bloch vector can be

expressed in the more intuitive form
R=RxW, (3.25)

where we define the vector W = (©,0,A). From this it follows that R - R = 0
and R-W = 0 and hence the Bloch vector R precesses about W at a fixed angle
at a frequency equal to |[W|. This time evolution is shown in figure 3.5(a) for non-
zero detuning. This offers an intuitive method for visualising Rabi oscillations and
the sequential application of 7 and 7 /2 pulses. In figure 3.5(b) we show the effect of

spontaneous emission on the evolution of the Bloch vector. The Bloch vector spirals in
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3.2 Atom-light interactions

towards W and the Bloch sphere collapses down such that the Bloch vector no longer
has unit length. This can be viewed as the decoherence of the initial pure state with

|IR| =1 towards an incoherent mixture with |R| < 1.

Steady state solutions

The inclusion of spontaneous emission means that at long times (¢ > I'"!), the atoms
will no longer undergo Rabi oscillations but will reach steady state populations. Setting

the time derivatives in (3.24) to zero gives the steady state solutions

u ) QA

— : 2
S e yown w7l L (3.26)
w A?4+T2/4

From this we find the steady state population of the excited state is given by

1w 1 s
Pee = Ty T 911 s+ 4AZTY

(3.27)

where we have defined the on-resonant saturation parameter s = I/Ig = 2(Q/T)2.
Here the intensity of the light field is given by I = %ceoEg, where ¢ is the permittivity
of free space and c is the speed of light. The saturation intensity, Ig.¢, describes the

strength of the transition and is given in terms of the dipole moment as

606F2h2

. 3.28
e dp? (3:28)

Isat =

We therefore see that in the limit of high intensity, the population of the excited state
saturates at 1/2. Using the steady state excited population (3.27), the total photon

scattering rate over all directions and frequencies is then given by I'pee, which equals

r S

Ry = = :
214 5 +4A2/T2

(3.29)

We note that the scattering rate has a Lorentz lineshape with width IV = I'v/1 + s,
hence at higher intensities the width increases and the line is said to be power broad-

ened.

3.2.3 Two photon processes

A Raman transition is a two-photon process involving simultaneous absorption and
stimulated emission by an atom. Figure 3.6 illustrates the coherent Raman transition
of an atom addressed by two lasers between the levels |g) and |e). The atom is excited
from the ground state |g) to an intermediate state |i), far detuned from the single photon
transition, by the absorption of light of frequency w; from one beam. Simultaneously

the atom emits a photon of frequency ws into the second beam by stimulated emission
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Figure 3.6: A Raman transition between levels |g) and |e) driven by two laser beams via
an intermediate state |i). Provided the detuning A of the virtual state is large, single photon
excitation is negligible and the atom is coherently transferred from |g) to |e).

and ends in the excited state, |e). Raman transitions are extensively used in ultracold
gases with applications including Raman cooling [53] and electromagnetically induced
transparency [54]. This work uses two-photon Raman transitions to coherently transfer
the BEC between two rotational states without imparting linear momentum to the
system (See Section 4.3).

To calculate the effect of both laser beams on the atom we extend the two-level
discussion and show that for large detuning of the intermediate state |i), the system
behaves simply as a two-level atom with coherent Rabi oscillations between |g) and |e)
and negligible occupation of the intermediate state, |¢). Unfortunately for the situations
we consider, A > I', the dynamics of the intermediate population are very fast and can
be difficult to calculate numerically. From arguments presented in [55], one can show
that in the limit A > J, the interaction of the atom with both lasers yields an effective
Rabi frequency, Q.g, which depends on the individual Rabi frequencies of each beam,
Qgi1 and Qeo, as well as the detuning from single-photon resonance, A:
Qgi1Qei2

Lot = =51

(3.30)

The Raman coupling gives rise to coherent Rabi oscillations between |g) and |e) of the
form in (3.10), with Q replaced by Qeg, and the relevant detuning being the two-photon
detuning ¢, illustrated in figure 3.6.

The significance of the Raman transfer comes from the fact that the transfer effi-
ciency depends on the two-photon detuning, §, while the rate of spontaneously emitted
photons depends on the single photon detuning, A. For § = 0 the duration of a mw-pulse

is tr = m/Qeg. The rate of incoherent photon scattering is the sum of the scattering
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rates for each beam, given by (3.29). For large detunings (A > T') the total number of
photons scattered in a single m-pulse is then found to be
T 2mA
= (0%, .+ 02 )" —
4AA2 ( gil + 612) QgilgeiQ
_ I O + 925 1
2 Qgi1Qeiz A

RSCtﬂ
(3.31)

Therefore we can almost eliminate spontaneous emission events and maintain coher-
ence for many Rabi oscillations by detuning both beams far from the single-photon
resonance. Unfortunately this comes at the cost of reduced effective Rabi frequency,
which scales as 1/A2.

3.2.4 Adiabatic rapid passage

The task of coherently transferring a BEC from an occupied state to an empty one
can be achieved by applying a m-pulse to exactly flip the state vector. This requires
a pulse of radiation whose duration, power and frequency with respect to the atomic
transition need to be closely controlled for efficient transfer. Another method is to
use an adiabatic rapid passage (ARP), where the radiation is tuned above or below
the resonance frequency, and the radiation or level itself is swept through resonance.
Provided the process is performed adiabatically the atoms will remain in a single dressed
eigenstate and the dressed state itself, which is a function of the detuning, will transform
from the initial state to the final state. When the coupling between the states is by
a Raman transfer this process is referred to as stimulated Raman adiabatic passage
(STIRAP)[56]. ARP transfer schemes tend to be more robust and able to achieve
higher transfer efficiencies.

This process is illustrated in figure 3.7. If one starts in the ground state |g) and
applies a coupling field with frequency far below resonance, this effectively loads the
condensate into the lowest band. Sweeping the frequency across resonance the system
remains in the lowest band, and the composition of the lowest dressed state changes to
pure |e) for detuning far above resonance. Rapidly removing the coupling field projects
the dressed state into the original bare states. If one sweeps the frequency in the other
directions the same state transfer is observed, but this is achieved by loading into the
upper band.

The possibility of adiabatic crossing of energy levels was first considered by Landau

and Zener. They showed that for a system of two coupled states of the form

Hor = e1¢1 + €12¢2 (3.32)
Hoy = €12¢1 + €262, (3.33)
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Figure 3.7: Dressed states energy bands and decomposition: The energy levels of the dressed
bands as a function of detuning are obtained from diagonalising (3.14). The color of the band
indicates the relative decomposition of the dressed states in terms of the bare states, with blue
being pure |g), and red pure |e). In the limit of far detuning the dressed states tend toward the
corresponding labeled bare states.

the probability of adiabatically crossing from one state to the other is given by [57]

2
2w €19

P=1-¢72, y==— (3.34)
h|gier - )]

Identifying the terms €1 = hA/2, e = —hA /2, and €12 = hS2/2, the adiabatic criterion

is given as
1

T2

0 > (3.35)

dt

dA‘

Sweeping faster than this will cause admixture of the other dressed state and imperfect

state transfer.

3.2.5 Optical forces

So far we have derived the AC Stark shift which exerts an optical dipole force used
for optical trapping, and we have derived the scattering rate which exerts a scattering
force used in Doppler cooling. To connect these two forces and include the effect of
spontaneous emission in our discussion of the optical dipole potential, we now derive
the complex polarizability and show that the real and imaginary parts correspond to
the dipole and scattering force respectively. This also elucidates the imaging of atomic
clouds, which behave as an object with complex refractive index.

The electric field we have considered so far has the form E(r,t) = é(Eq(r)/2)e™! +
c.c. This induces a time-varying dipole moment of the form d(r,t) = &(do(r)/2)e™! +
c.c., where the the dipole moment amplitude, dy, and the field amplitude Fy, are related
by the complex polarizability

dp = a(w)Ep. (3.36)
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Here we have assumed we are dealing with linear optics and that « is simply a scalar.

The dipole potential and scattering rate are then related to « by [58]:

Uiy (r) = —%(d E) = —2610CRe(a)I(r), (3.37)
Reolr) = Mh? _ heloclm(a)l(r). (3.38)

The energy level shift therefore results from the in-phase interaction between the elec-
tric field and the induced dipole, while the out of phase interaction is responsible for
absorption. The expectation value of the dipole moment is given by (d) = (¥|d-&|¥),
where the wavefunction ¥ is given by (3.2). Substituting in this expression for the

wavefunction gives

(d) = degpege™=' + c.c.
= degﬁegem + c.c.

(u — 1)

5 et 4 cc., (3.39)

= deg

where we define dey = (e|d - €|g) = hQ2/Ey. By comparison with (3.36) we can then

identify

1 wt * —iwt

(d) = §E0(ae +afe ™)
1 ) )

= §(deg(u — iv)e™" + dge(u + iv)e ")
de
= a=—2(u—iv). (3.40)

Ey

Using the steady state solutions of the Bloch vector (3.26) this directly gives the po-

larizability as

heeg 1 i
- - - 41
“ Isat 1+ I/Isat + (QA/F)2 |: 2 :| ’ (3 )
and from this we obtain
A I/ It AsT 2
Udin(r) = li— , 3.42
aw(®) = Tt AT A (342)
r I/ I asr Q2

sc =5 y 4

Rec(r) = 577 /Tt + (2A/T)2 AA? (3.43)

where the expressions are also given in the limit of large detuning, A > I'. The
expression (3.43) is the same result as (3.29) derived earlier. We note that these results
were derived using the RWA approximation, and as a result for very large detunings
from resonance one needs to include a small correction due to the co-rotating term of
order (W — weg)/(w + Weg)-

The optical dipole force is simply obtained from the gradient of the potential, and

for the common case of large detunings used in traps (|A| > I'), the dipole force reduces
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to the expression

hQ?
Fdip = *VUdip ~ -V (4A> . (344)

This approximate expression is also obtained by taking the large detuning limit of the
AC Stark energy shift derived in (3.15). In a field with spatially varying intensity or
detuning, the atom will experience a net force, the direction of which depends on the
sign of the detuning. In this work red-detuned traps (A < 0) are used, where the atom
is attracted to regions of high intensity. The scattering force is simply obtained from

the product of the scattering rate, Ry, with the momentum per photon, 7k,

T s

Fy = hk— :
5 214 s+ (2A/)T)2

(3.45)

3.3 Laser cooling and trapping

Having covered the interaction of light with atoms, we are now in a position to describe
the experimental techniques used to slow and spatially constrain atoms. The first of
these is the magneto-optical trap which uses the scattering component of the radiative
force to cool atoms down to the Doppler limit. The second technique is the optical
molasses stage, which employs Sisyphus cooling. To relate these techniques directly to

the experiment we first consider the 8Rb D, transition hyperfine structure.

3.3.1 % Rb hyperfine structure

So far we have considered a simple two-level atom, however real atoms possess a far
more complicated electronic level structure with multiple ground and excited states and
several decay paths. Applying the principles of laser cooling to real atoms therefore
seems like a daunting task. Thankfully alkali atoms, which have a single valence elec-
tron, permit a perturbative and accurate calculation of their electronic level structure.
In 8"Rb suitable transitions are found in the Dj transition between the 525 /2 ground
state and 52P; /2 excited state.

The hyperfine structure of these states is illustrated in figure 3.8, along with the
transitions used in the production of a BEC. The nuclear spin for 8’Rb is I = 3/2,
hence the ground state |L = 0,J = 1/2) is split by the hyperfine interaction into the
F =1+ J =1,2levels. Similarly the excited state |L =1, J = 3/2) is split into the
F'=0,1,2,3 levels. For the MOT and Molasses stages described in Section 3.3.2 the
cooling transition is the cycling |F = 2) — |F’ = 3) transition. To prevent pumping
to the |F = 1) dark state, repump light is added to continuously transfer the |F = 1)
population to the |F’" = 2) state. For the pumping stage described in Section 3.4, the
|F =2) — |F' = 2) transition is used to cycle the atoms over to a magnetically trap-
pable state. The microwave transition between the two ground state hyperfine levels

|F=1) — |F =2) is also indicated by the green arrow. This transition is used for
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Figure 3.8: 8 Rb D, hyperfine structure: Levels are labeled by their total angular momentum,
F, and the approximate Landé g-factor, gr. The appropriate cooling and repump transitions
used in the MOT and molasses stage are indicated by the red and blue arrows respectively. The
transition for optical pumping before magnetic trapping is indicated by the purple arrow. The
microwave transition used in both evaporative cooling and the final state transfer is shown by
the green arrow.

evaporative cooling described in Section 3.6 and in the final state transfer explained in
Section 3.8. Absorption imaging makes use of the same |F = 2) — |F’ = 3) transition
used for laser cooling.

The laser setup used to generate the cooling, repump, pumping, and imaging light is
described in detail in [45, 46]. The lasers used are two temperature controlled commer-
cial external cavity diode lasers (ECDL). Both are locked using saturated-absorption
spectroscopy, with the cooling laser locked to the |F = 2) — |F’ = 2,3) crossover peak,
and the repump laser locked to the |[F' = 1) — |F’ = 1,2) crossover peak. The precise
frequencies required are then obtained using acousto-optic modulators (AOM) to shift
the laser frequencies. Sufficient cooling power is achieved by using the cooling laser
to seed an integrated master-oscillator-power-amplifier which provides several hundred

mW of cooling light used in the MOT beams.
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3.3 Laser cooling and trapping

3.3.2 Magneto-optical trap (MOT)

A MOT is a combination of light and magnetic fields used to both cool and spatially
confine atoms, and was first demonstrated in [59]. The ability of the MOT to capture
and cool a room temperature atom vapour down to a few hundred pK means that it
has become the starting point for most experiments on ultracold gases. A MOT is
formed by three pairs of counter-propagating red-detuned laser beams, overlayed with
a magnetic quadrupole field, such that the magnetic field strength increases along all
directions from the origin. This is illustrated in figure 3.9 for one dimension for the
example of cooling the FF = 0 state using the FF = 0 — F’ = 1 transition. If one
initially neglects the magnetic gradient there is no shift of the Zeeman levels and the
lasers are red-detuned of resonance for all z. However, the one-dimensional velocity
of the atom along the direction of the beams, v, causes a Doppler shift of kv of the
observed frequency of the laser light. As a result the motion of an atom towards one of
the beams causes it to Doppler-shift into resonance and the resultant scattering force
due to absorption slows the atom, creating a viscous damping force. This effect is called
Doppler cooling and is used to cool the atoms in a technique called optical molasses.
To spatially confine as well as cool the atoms a magnetic gradient must be included,
creating a MOT.

As described in Section 3.5, the quadrupole field has a magnetic zero at the origin,
and the magnitude of the field increases linearly with distance. The effect of this
gradient is to cause the energy levels of the three sub-levels of the F' = 1 level to vary
linearly with the atom’s position. In a MOT the polarisation of the pair of beams with
respect to a fixed direction in space is chosen to be opposite: ¢ and o~. The effect
of this is that when an atom is displaced from z = 0, the selection rules mean that
absorption from the beam that will push the atom back towards z = 0 will dominate
over absorption from the opposite beam. This imbalance of radiative force caused by
the Zeeman effect creates a position dependent force, confining atoms at the origin.

Using the scattering force derived in (3.45), we can write the overall scattering

force in the MOT configuration as

B’ - B’
Fuor = F2' (A — kv — ,uh z> — Fy, (A + kv + #h z> (3.46)
OFy. pB’
= — .4
22 <kv+ hz), (3.47)

where p is the dipole moment of the atom, and B’ is the magnetic field gradient. By
expanding the expression to first order we see that the motion of an atom in the MOT
is equivalent to damped simple harmonic motion. The MOT configuration has a high
capture velocity and therefore is able to trap and cool room temperature atom vapour.
The limit to which an atom cloud can be cooled in a MOT is given by the Doppler

limit. This limit arises due to the recoil energy associated with random fluctuations
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3.3 Laser cooling and trapping

Figure 3.9: Mechanism for a 1D magneto-optical trap illustrated for the F = 0 to F =1
transition. Two counter-propagating circularly polarised beams, red-detuned of the zero field
transition, are overlayed with a magnetic field gradient. The handedness of the beams is the
same with respect to their direction of propagation, but opposite with respect to the field
axis. The magnetic gradient adds spatial confinement, bringing atoms far from the origin into
resonance with the appropriately polarised beam.

about the mean number of photons absorbed and spontaneously emitted [55]. This

gives rise to the Doppler cooling limit

which for the case of 8’Rb gives a temperature of 146 pK.
As mentioned in Section 3.3.1 the cooling transition used is the |F = 2) — |F’ = 3)

transition. Because the laser polarisation with respect to the field direction is ¢, the

precise transition is the |F = 2, mp = —2) — |F’' = 3, mp = —3) transition, which is a
closed cycling transition since |F' = 3, mp = —3) should only decay back to
|FF=2,mp =—2). Due to the continuous absorption and emission of photons, off

resonant excitation to the |F’ = 2) state can occur, which can then decay to the |F' = 1)
ground state which is optically dark to the cooling light. To prevent all the atoms
accumulating in this state, repump light which is resonant with the |[F = 1) — |F' = 2)
transition is also present in the MOT stage and clears out this dark state.

For our MOT we typically use 130 mW of cooling light, red-detuned 3.1I" below
resonance, where I' &~ 6 MHz is the linewidth of the excited state. The 1/e? beam
diameter of our MOT beams is ~ 3 cm. Overlapped with the cooling beams is 10 mW
of resonant repump light. The magnetic gradient is 6.4 G cm™! along the vertical
direction and 3.2 G cm™! in the horizontal plane. Typical MOT loading time is about

15 seconds and the atom number saturates at ~ 5 x 10°.
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3.3.3 Sub-Doppler cooling

Sub-Doppler cooling was first achieved using the standard molasses technique described
above [60]. This unexpected effect arises due to the fact that real atoms have a ground
state with degenerate magnetic sublevels which were neglected in the previous discus-
sion. The first explanation of temperatures observed below the Doppler cooling limit
was provided by the mechanism of Sisyphus cooling [61], which can be used to explain
many of the sub-Doppler cooling techniques which have been developed. To briefly ex-
plain the process, we consider a simplified system consisting of a J = 1/2 ground state
(with degenerate mj; = +1/2 magnetic sublevels) and a J' = 3/2 excited state (with
degenerate m; = £3/2,4+1/2 magnetic sublevels). This atom is dressed in zero mag-
netic field with two counter-propagating red-detuned laser beams, linearly polarised
orthogonal to one another !.

The interference of the two beams creates a polarisation standing wave, where the
polarisation varies from o¥ to m to o~ with a period of A\/2. If the ground state has
degenerate magnetic sublevels, the light shift experienced by each sublevel will be po-
larisation dependent, and the degeneracy will be lifted. For the case of my = +1/2,
the electric dipole transition for the o™ transition to mj = 3/2 is stronger than the 7
transition to mjy = 1/2 and stronger still than the o~ transition to mjy = —1/2, with
the ratio 3 : 2 : 1. This relates directly to the Rabi frequency, €2, hence the light shift
will vary spatially along with the polarisation, being largest where the light is pure
ot and smallest where it’s pure o~. For the m; = —1/2 ground state the ordering of
the ratios is flipped and the light shift will also vary spatially, but 7 out of phase with
respect to that of the mj; = +1/2 state. This effect is illustrated in figure 3.10.

The other effect of the polarisation standing wave is spatially selective pumping
of the ground states. In regions of pure o™ polarisation the m; = +1/2 state can
only transition to mj = 3/2, where it spontaneously decays back to its original state.
Conversely the mj = —1/2 is pumped to the m; = +1/2 ground state since it can only
transition to the mj = +1/2 excited state, where there is a possible decay path to
the m; = +1/2 ground state. We therefore see that in regions of o* polarisation the
atoms are pumped towards the lower energy mj = +1/2 ground state, and similarly in
regions of o~ polarisation the atoms are pumped towards the lower energy m; = —1/2
ground state. This is illustrated in figure 3.10, where we see that an atom moving
in this potential will repeatedly climb the potential barrier of one state and then be
pumped to the potential minima of the other state, thus giving up its kinetic energy to
the background field. The limit of such a cooling method is the recoil energy associated
with spontaneous emission which provides a lower threshold for the temperature called
the recoil limit: F2p2

T>Tee=7—7—. A4
> T (3.49)

!This is the textbook lin L lin configuration, but the effect is also present for two circularly polarised
beams of opposite handedness
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Figure 3.10: Sisyphus cooling mechanism in the lin L lin configuration: The counter prop-
agating beams create a polarisation standing wave, where the polarisation varies between o7,
m, and o~ with period A/2. Due to the different electric dipole transitions of the different
magnetic sublevels this creates a periodic shift in the ground state energies. The polarisation
standing wave preferentially pumps atoms from the upper ground state to the lower, hence as
an atom moves it climbs a potential barrier and is then pumped to a potential minima. This
removes the kinetic energy of the atoms, cooling the cloud.

For the case of 8"Rb this gives a recoil temperature of 180 nK, well below the limits of
Doppler cooling.

The typical experimental sequence used in our optical molasses involves removing
the magnetic field gradient and further detuning the MOT beams to —4.1I". The power
of the cooling light is also reduced to about 60 mW. The molasses stage typically only
lasts about 6ms, after which the 8’Rb atoms reach ~ 50 pK. Our molasses stage is
optimised to maximise phase space density, rather than actually achieve cooling to
Threc-

3.4 Optical pumping

At the end of the MOT and molasses stages the atoms are distributed between the
various mp states of the F' = 2 manifold. As explained in Section 3.5, only states
with mp = 2,1 are magnetically trappable, hence to avoid losing over half the atoms
the cloud is optically pumped to the |F' = 2, mp = 2) state before the quadrupole field
is ramped up. Transferring the atoms to the stretched state is also beneficial for two
other reasons. Firstly the increased magnetic dipole moment of the mp = 2 state
provides tighter magnetic confinement. This improves efficiency of transport to the

science cell, and increases the elastic collision rate which is important for efficient
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evaporative cooling. Secondly, the presence of other spin states allows inelastic spin-
exchange collisions which can lead to additional heating and losses. While this effect
is only modest in the case of 8"Rb, removal of atoms in the |F =2,mp = 1) state
significantly improves the sympathetic cooling of 39K.

The pumping sequence starts after molasses by removing the cooling beams but
retaining the repump light, allowing the atoms to fall under gravity. A guide field of
several Gauss is ramped up over 800 us to provide a quantisation axis for the atoms,
defining the polarisation of the pumping light. The pumping light is then flashed
on for approximately 80 us with an intensity of about the saturation intensity. The
pumping light is resonant with the |[F = 2) — |F’ = 2) transition, as illustrated in figure
3.8. The pumping light is chosen to be o polarised, exciting transitions of the type
|F =2,mp) — |F' =2,mp+1). While the excited F’ = 2 state can spontaneously
decay back to the F' = 2 state via any Ampg = 0, &1 transition, the polarisation of the
pumping light ensures the atoms migrate towards the |F' = 2, mp = 2) state. Once in
the |F' = 2, mp = 2) state, the atoms are dark to the light since there is no Amp = +1
transition, therefore for perfect o™ polarisation the atoms accumulate in the stretched
state, where they are then transparent to the pumping light. The repump light is
present to transfer any atoms which decay to the F' = 1 state back into the pumping
cycle.

To test the efficiency of the pumping stage we load the atoms into the magnetic
trap and then back into the MOT. Only those atoms pumped into a magnetically
trappable state will remain, causing the MOT to load from a non-zero population. With
pumping this starting population can reach =~ 80% of the saturated MOT population,
compared to only 40% without pumping. We can test the correct sign of the pumping
polarisation by reversing the direction of the guide field and observing anti-pumping to

the |F' =2, mp = —2) state, and a much lower starting MOT value.

3.5 Atoms in an external magnetic field

The Zeeman Hamiltonian describing the interaction of an atom with a static external

magnetic field B is given by

Hp = 52 (958 + gL+ 9:1) - B, (3.50)

where S is the total electronic spin operator, L is the total electronic orbital angular
momentum operator, I is the internal nuclear spin operator, and gg, gr, and gy are the
corresponding Landé g factors. The interaction of the electron spin with the effective
magnetic field of the nucleus leads to the spin-orbit coupling term in the atomic Hamil-

tonian which couples S and L into the total angular momentum J = L+ S. With J as
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a good quantum number, the magnetic Hamiltonian now takes the form

Hp = 52 (9,3 + 911) - B, (3.51)

where g is given in terms of gg and gy [55]. If we now include the hyperfine term
in the atomic Hamiltonian, arising due to the interaction of the nuclear spin with the

effective magnetic field of the electron, the relevant Hamiltonian to diagonalise is
UB
H=AI-J+ m (95 + g11) - B, (3.52)

where A is the hyperfine structure constant, and is equal to A = h x 3.417 GHz for
8TRb. This can be easily solved in the two limiting cases of low and high field. In both
cases we neglect the nuclear Zeeman term since the coefficient g7 is smaller than g; by

about three orders of magnitude.

Low field: When the energy shift due to the field is much smaller than the hyperfine
term, the coupling between I and J dominates over that with the magnetic field
and we may define F = I+ J, where I’ and mp are good quantum numbers. The
Zeeman terms now act as perturbations to the states labeled by |F,mg) and the

energy levels are
1
Eaz = SAF(F+1) = I(I+1) = J(J + 1) + grmpppB:, (3.53)

and the corresponding gp is given in terms of g; [55]. The first term is the usual
hyperfine splitting, while the second term gives the field dependence. Different

mp states split linearly with magnetic field according to

AE\Fmp)y = uBgrmpB., (3.54)

and hence the energy spacing E|p,, .y — E|pme+1) 18 equal for all mp in a given
F manifold.

High field: When the energy shift due to the field is much larger than the hyperfine
term, I and J will couple strongly to B and hence the states will be labeled by

|m.j,mr). The energy levels are then given by
Epp = Amym; + gymjpupB., (3.55)

and now m; determines the scaling of the energy with magnetic field.

For intermediate field strengths the full Hamiltonian (3.52) must be diagonalised. This
can be done by expanding the hyperfine term into raising and lowering operators using
the identity

1.J=1.J,+ %(I+J, +1_Jy). (3.56)
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Figure 3.11: Energy shift in a magnetic field: (a) Hyperfine structure of the 52S1/2 ground
state of 8"Rb in an external magnetic field. States are labeled with their low field quantum
number |F,mp). (b) The energy difference AE = E(|[F =1,mp =0) = |[F=1,mp =1)) —
E(|F =1,mp= —1> — |F =1,mp= 0>)

For the state we care about, which is the ground state of the D line transition with
I =3/2 and J = 1/2, there exists an analytical form of the solution called the Breit-
Rabi formula [62]:

. _ AVINS
[J=1/2m lma) = o0 11)

dmx
21 +1

o 1/2
+ grupmB £ 2“ (1 + +x2> . (3.57)
where AEyss = A(I+1/2) is the zero field hyperfine splitting, m = my+mj; = my+1/2,

and ( Vs
97 — 91)UB
r=--"r = 3.58
AVINS (3.58)

This is plotted in figure 3.11(a) for the ground state of "Rb, 5251/2. We see that
the energy splitting is approximately linear up to about 500 G, and therefore the low
field approximation for the energy splitting (3.53) can be used for most experimental
parameters. We note however in figure 3.11(b) that the energy differences Ejp_1 ;,,,—1)—
E\r—1mp=0) and E|p—1 =0y — E|p=1,mz——1) differ by several kHz even at a modest
field of a few Gauss. This has strong implications when coupling the F' = 1 manifold.
If the Rabi frequency of the coupling field is less than this difference, the coupling can
only be resonant for one of the energy splittings at any one time, and hence the three

level system mp = +1,0, —1 is reduced to a two level system.

3.5.1 Magnetic trapping

In our experiments we can assume the linear form of the Zeeman energy

U(r)|Fmp) = tBgrmeB(r), (3.59)
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where we have replaced B, by B = |B], since for sufficiently large magnetic fields the
dipole of the atom will adiabatically follow the field direction. If we allow the magnetic

field to vary spatially the atom will experience a force
F(r) = =VU(r) = —ppgrmrVB. (3.60)

From (3.59) it follows that a local field minimum would act as a trap for low-field
secking states with gpmp > 0. For 8 Rb, the Landé factors for the ground state
are gp—1 = —1/2 and gr—o = 1/2, and hence the magnetically trappable states are
|F,mp) =11,-1),]2,2), and |2,1).

Once in a magnetic trap it is possible to cool the gas down to degeneracy using
microwave or RF fields to selectively transfer the most energetic atoms to untrapped
states. The advantage of using magnetic traps is that firstly they can be very deep,
allowing them to efficiently collect the atoms at the end of the laser cooling stage.
Secondly the lifetime in such traps can be extremely long, limited only by collisions
with the residual background gas. This is particularly useful in our setup when we need
to sympathetically cool 3K with 8”Rb, which has a long thermalisation time due to the
small inter-species scattering length, ax_gp. Finally evaporative cooling in a magnetic
trap can be state and species selective, which again is utilised in the sympathetic cooling

of 3°K to only remove 8’Rb atoms and maximise the phase space density of 3°K.

Quadrupole trap

In our experiment, following laser cooling in the MOT and molasses stages, the atoms
are transferred to a quadrupole trap produced by a pair of opposed Helmholtz coils as
shown in figure 3.12(a). Defining the axis of symmetry as the z direction, using the

Maxwell relation V - B = 0, the magnetic field near the origin is given by
B = B'(z,y, —22). (3.61)

The strength of the field varies linearly with distance from the origin, and due to the
symmetry of the trap the gradient is twice as strong along the vertical direction than
along the radial. The full field calculation is shown in figure 3.12(b), and shows that
the trap is only a local minimum with the trap depth given by the difference between
the minimum field at the origin and the maximum field along the radial direction. The
field lines shown in figure 3.12(a) illustrate that the field direction is the same as that
required for the MOT stage, hence we use the same coils for both roles.

In this experiment, the quadrupole coils are a pair of water-cooled copper coils in
anti-Helmholtz configuration mounted on a track mount, which is used to translate
them between the MOT chamber and the science cell. Following optical pumping, the
trap is loaded by jumping the field to 40 G/cm along the strong axis, and then ramp-
ing the field over 50 ms to its maximum value of 160 G/cm. This tightly confines the
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@) (b)

Figure 3.12: Quadrupole trap: (a) Direction of the magnetic field in the 2z plane created by
a pair of coils in Anti-Helmholtz configuration. The vertical spacing between the coils is chosen
equal to the diameter of the coils. (b) Potential created in the zz plane by the quadrupole trap.

atoms, allowing the track to move the coils to the science cell, carrying the atom cloud
with it down the narrow channel and into the lower pressure environment.

The main disadvantage of the quadrupole trap is that the magnetic field vanishes
at the origin. In this region of very low field, states with different mpr become degen-
erate and the magnetic field no longer defines the quantisation axis for the atoms to
adiabatically follow. This allows non-adiabatic transfers between different m g states to
occur, and if these new states are not magnetically trapped they are lost from the sys-
tem, reducing the cloud lifetime. Such spin flips are called Majorana spin flips [63] and
cause trap losses and heating. Ultimately this process dictates that cooling to quantum
degeneracy in a quadrupole trap alone is not possible [64]. Several solutions to this
problem have been found, however the solution used in our experiment is to trans-
form the quadrupole trap into a QUIC (Quadrupole-Ioffe configuration) trap where the

magnetic minimum is offset from zero.

QUIC trap

To overcome the problem of Majorana spin flips several solutions were implemented in

our system and used to cool to degeneracy. These include:

Optically plugged quadrupole The magnetic zero in the quadrupole trap is over-
lapped with a blue-detuned repulsive optical potential which acts to “plug” the
hole. This method was first used successfully at MIT in 1995 [11].
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3.5 Atoms in an external magnetic field

Quadrupole

Anti-bias

Quadrupole

Figure 3.13: QUIC trap: This illustrates the configuration of the quadrupole, Ioffe and anti-
bias coils in the QUIC trap relative to the science cell. The arrows on the coils indicate the
direction of current.

Time-averaged orbiting potential (TOP) trap The quadrupole field is superim-
posed with a rotating, spatially uniform magnetic field which causes the magnetic
zero to move out from the original origin and orbit about it. If the frequency of
the rotation is chosen to be slow enough for adiabatic following to prevent tran-
sitions between mp states, but faster than the motion of the atoms, the atoms
move in the effective time-averaged potential of the instantaneous potential: a

harmonic trap with non-zero field everywhere [10, 65].

Optical dimple hybrid trap A red-detuned attractive optical potential is positioned
approximately a beam waist from the quadrupole magnetic zero. At very low tem-
peratures close to degeneracy the optical “dimple” dominates over the magnetic
field minimum and the coldest atoms are held away from the magnetic zero, and

therefore protected from spin flips [66].

Of these three the optical dimple trap was the optimal method for 8”Rb, producing
condensates of 5 x 10° atoms with less than 10 s of evaporation. Unfortunately for
much of the time during this work it was necessary to optimise the experiment for
production of 3°K condensates, which requires very long evaporation sweeps due to the
relatively small K-Rb interspecies scattering length of ax_ gy ~ 28a¢ [67], compared to
ary ~ 99ag [68] for 87TRb. The solution which worked best for sympathetic cooling of

39K was found to be to evaporate in a QUIC trap, and as a result the same method is

o1



3.6 Evaporative cooling

used to produce 8"Rb BECs.

The QUIC trap is a relatively simple loffe-Pritchard type trap first implemented in
[69], where the quadrupole field is modified to offset the trap minimum to a positive
value of magnetic field, and convert the trapping potential from linear to harmonic.
This QUIC trap is formed by adding the field from a single coil, known as the Ioffe coil,
orientated perpendicular to the quadrupole coils, which produces the offset harmonic
potential. An additional uniform field known as the anti-bias field opposes the field
generated by the loffe coil and provides greater control in the position of the magnetic
field minimum along the direction of the Ioffe coil. The orientation of these coils is
illustrated in figure 3.13. For full details of the setup, potential, and loading procedure
of our QUIC trap see [45, 46]. The main disadvantage of the QUIC trap is that the
confinement along the direction of the Ioffe coil is quite weak, and as a result evaporation

sweeps must be slow to allow thermalisation.

3.6 Evaporative cooling

The phase space densities achieved at the end of laser cooling are still typically many
orders of magnitude below unity and hence degeneracy. As a result, evaporative cool-
ing is a necessary stage of nearly all ultracold experiments, and allows one to achieve
arbitrarily low temperatures. The basic principle of evaporative cooling is to selectively
remove only the highest energy atoms in a cloud and then allow the remaining sample
to rethermalise at a lower equilibrium temperature. By repeatedly truncating the ther-
mal distribution in this way the temperature can be lowered indefinitely, limited only
by the discrete particle number. Provided the evaporation is efficient in removing only
the most energetic atoms and background loses and heating are limited, the atom loss
and temperature reduction result in a net increase in phase space density.

The first evaporative cooling stage is done in a magnetic trap once the atoms
have been transported to the science cell. This itself is split into two steps: an initial
evaporative sweep in the quadrupole trap, followed by a slower sweep in the QUIC
trap. The principles for both steps are the same. The energy levels of the FF = 1 and
F' = 2 magnetic sublevels are shown in figure 3.14 as a function of field strength which,
for a quadrupole trap, is proportional to distance from the magnetic zero. We apply a
microwave (MW) field of a frequency Ay greater than the hyperfine splitting, wyp,
indicated by the green arrow. For an atom to move into resonance with the MW field
it must move away from the origin to a region of higher field. If we choose Ay to be
sufficiently large, only the most energetic atoms will reach this region, at which point
they will undergo a magnetic dipole transition to the untrapped |1,1) state and are
lost.

We therefore have a method for selectively ejecting the high energy atoms from the

trap, hence by gradually sweeping the MW frequency downwards we can evaporatively
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Figure 3.14: Evaporation in a magnetic trap: The left figure shows the hyperfine energy levels
as a function of magnetic field. The F' = 1 and F = 2 manifolds are coupled by a microwave
field (green arrow) detuned A sy above the zero-field hyperfine splitting, wgp. The grey lines
indicate the F' = 1 manifold shifted by the microwave photon energy, hence we see the first
states coupled are |2,2) and |1,1) plus a photon. The microwave dressed states are shown in
the upper right panel. The F' = 2 magnetic sublevels are coupled by an RF field (blue arrow)
of frequency wgrpr. Here we assume the field is low and the states are all equally spaced such
that the RF couples all five sublevels at once. The RF dressed version of the F' = 2 manifold
is shown in the bottom right.

cool the cloud, with the final temperature set by the final MW frequency. The same
effect can be achieved by applying a radio-frequency (RF) field of frequency wrp. This
drives Amp = 1 transitions between the different mpg levels of the F' = 2 manifold
until ultimately the atoms transfer to the untrapped mp = 0, and the anti-trapped
mp = —1, —2 states and are lost from the trap. To create an equivalent trap depth to
the case of MW, the RF frequency is given by wrr = Apsw /3. The main advantage
of using microwaves is that it allows selective cooling of 8’Rb only, which is used to
sympathetically cool %K.

A more informative picture can be obtained using the dressed state formalism de-
veloped in Section 3.2.1 [70]. If we label states as |F, mg;n), which is the |F, mpg) state
plus n photons, the |1, mp;1) manifold is indicated by the grey levels in figure 3.14.
We therefore see that the evaporation point is set by where microwaves first couple
the |2,2) and |1,1;1) states. At higher fields it is clear that additional couplings will
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3.6 Evaporative cooling

occur, which can lead to production of atoms in the |2, 1) state. The Hamiltonian of
the coupled |2,2) and |1,1;1) states in a magnetic field is an intuitive modification of
that in (3.14):
i | Auw - nBB(r) Q
2 Q —Ayw +2upB(r)|
where we have used that gr = 1/2 (—1/2) for the FF = 2 (F = 1) states. This is

diagonalised to obtain the dressed state eigenvalues which are plotted in figure 3.14 as a

(3.62)

function of distance from the trap zero. The ground state forms a trap, whose depth can
be reduced by reducing the MW frequency, or increasing the field gradient. Provided
the atoms cross the edge sufficiently slowly they remain in the dressed ground state
and are transferred to the |1,1) state and are lost. Atoms which cross the boundary
too quickly can be transferred to the upper band, and can then be trapped at the
cloud’s edge. To prevent this, the coupling strength between the states, (2, must be
sufficient for the adiabatic crossing criteria (3.35) to apply. We identify the detuning
as A = (3upB'z/2h), where B’ is the field gradient and x is the position in the trap.
Estimating the typical atom velocity as v = \/m the adiabatic condition is given

as
3upB’ (kpT\Y*
Q> Q =1/ “B) 3.63
>0 272h < m ) (363)

For typical parameters at the start of the quadrupole evaporation, this gives a value

of Qp ~ 7 kHz. If this is satisfied, atoms crossing the resonance point will leave
the trap. If one evaporates with insufficient power, hot atoms can oscillate past the
resonance point several times before being ejected, causing heating of the remaining
cloud and inefficient evaporation. This process is extended to calculate the RF dressed
F = 2 manifold which is also shown in figure 3.14. The relevant states coupled are the
12,2),]2,1;1),]2,0;2),]2,—1;3) and |2,—2;4). An atom adiabatically following the
lowest band transitions from the trapped |2,2) state to the anti-trapped |2, —2) state.
Because this is a higher order process, the necessary RF power for adiabatic following
is higher than that required for MW, however we note that atoms transferring to the
second and third band will still be lost from the trap. The requirement for higher power
follows somewhat intuitively from observing the reduced level spacing present in the
RF dressed states for the same 2.

Following magnetic transport to the low pressure science cell we use a linear 2 s
MW forced evaporation sweep in the quadrupole trap. The trap is then transformed
into the QUIC trap and we then employ a 32 s forced evaporation using an exponential
frequency sweep. Once this concludes we typically have about 4 x 107 atoms at a
temperature of about 3 uK [44]. This is sufficiently cold to be loaded into an all optical
dipole trap, where the final evaporation is done to achieve condensation. We now briefly
describe the microwave and RF systems used in the experiment, since these are used

extensively to perform state transfers which are integral to studying persistent currents.
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3.6 Evaporative cooling

Agilent N5183AMXG  EREEMN Combiner
Function generator

Agilent/HP 83622A
Synthesized sweeper

Figure 3.15: Microwave system: (a) The generator used for forced evaporation is the Agilent
N5183A MXG function generator. The secondary generator (Agilent/HP 83622A) is used for
|2,1) clean up and state manipulation. Both can output a maximum of 14 dBm and are
combined using a power combiner. This is then passed through an RF switch and a custom
made 28 dB amplifier before going to the microwave antenna. (b) Custom made helix antenna
designed by I. Gotlibovych [71].

3.6.1 Microwave system

The microwave setup was designed by Igor Gotlibovych for a master’s project and
is detailed in [71]. Figure 3.15 (a) illustrates the basic configuration. The system is
optimised to radiate the maximum power at a frequency equal to that of the hyperfine
splitting, 6.8 GHz. The signal for forced evaporative cooling is derived from a function
generator!' which is then passed through a custom made amplifier built by Microwave
Amplifiers Ltd. to give a maximum output power at the antenna of 37 dBm= 5 W.
A secondary synthesizer? is power coupled® to this transmission line and provides the
option to perform |2,1) clean up sweeps during evaporation, and is used to perform
state manipulations of the BEC. The output of both generators is controlled by an
external TTL-controlled RF switch? which provides timing resolution of 1 us, limited
by the resolution of our sequence control software.

The antenna is illustrated in figure 3.15 (b) and uses a helix design to try and
increase directionality of the radiated power. The first 1/4 of the helix turn closest
to the ground plate is deformed to impedance match the antenna with the cable and
reduce reflections. The antenna radiates circularly polarised light, with a directionality,

D = 4.5. The directionality is defined as the maximum intensity over the average

! Agilent N5183A MXC

2 Agilent/HP 83622A
3Mini-Circuits ZX10-2-71-S+
4Mini-Circuits ZYSWA-2-50-DR
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3.6 Evaporative cooling

intensity,
P
D = maxg 4 G(0, ), (3.65)

where P is the total power, and r is the distance from the antenna. From this the
maximum possible Rabi frequency can be calculated.
Electric dipole transitions between |F,mp) states are forbidden, so the relevant

matrix elements are magnetic dipole transitions. The coupling is given by
B = (Wil - B| ;) (3.66)
with

1= pp(grl + grL + gsS). (3.67)

Using L = 0 and g7 < gg, we simply need to compute matrix elements of the spin
operator. Using Clebsch-Gordan coefficients we can decompose the hyperfine states

into eigenstates of the spin operator

|F, mF> = Z ij,ms |I,m1;S, mS> ) (368)

mr,ms

where C,,, m, are the Clebsch-Gordan coefficients. We define the spin operator as
S = (64,0y,0:)/2, where o, . are the appropriate Pauli spin matrices. The magnetic

dipole moment between two states, (1) and (2), is then given by

<F(1), M)

S5, mge
(3.69)

Relevant non-zero magnetic dipole matrix elements are listed below

Element Value

2,2/ p|2,1)  Lus(1,—i,0)7

(2,1 p]2,0)  Yup(1,—i,0)"
2,2n1,1) Lup(1,—i,0)7
(L1u[1,0) —35up(1,—i,0)

Using the relation between intensity and magnetic field, I = B?c/2p9, the maximum
Rabi frequency for the |2,2) — |1,1) transition is then given by
V3 poPD

Iy = —
|2,2)—|1,1) 9 “B o1 2e

~ 14 kHz, (3.70)
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3.6 Evaporative cooling

Agilent 33251A
30 MHz Arbitrary
Waveform Generator

Switch
-1dB

Figure 3.16: RF system: The waveform generator used to produce the RF signal can output
frequencies up to 30 MHz with a power of up to 24 dBm. The usable power is restricted to 7
dBm so as to prevent damaging the amplifier. The output state is controlled by a switch which
provides time control of pulse times required for Rabi flopping. The RF signal is boosted by 30
dB by an amplifier before going to a single loop antenna, giving a maximum power of 36 dBm
(4 W).

where we assume a distance r = 10 cm. This is an upper limit on the attainable
Rabi frequency since we have neglected reflections at the antenna due to unmatched
impedances which will reduce the useable power. Comparison with (3.65) suggests this

Rabi frequency is sufficient for evaporative cooling.

3.6.2 RF system

The RF system is no longer used for evaporation, but is still used to perform state
transfers between magnetic sublevels. The RF setup is illustrated in figure 3.16. The
waveform is produced by a 30 MHz waveform generator'. To achieve short bursts
(~ 100 ps) required for Rabi flopping, the output of the generator is controlled by an
external TTL-controlled RF switch? which provides timing resolution of 1 us, limited
by the resolution of our sequence control software. This signal is amplified by 30 dBm
using a broadband RF amplifier® and then sent to the antenna. The maximum power
is limited to 36 dBm (4 W) due to the threshold of the amplifier.

The antenna is a single copper wire loop of radius r = 18 mm with wire radius
a = 0.5 mm, mounted horizontally less than z = 20 mm directly above the atoms. To
estimate the magnetic field at the atoms and hence the Rabi frequency we first calculate
the impedance of the coil. Magnetic state transfers are typically done in a field of 10 G,
corresponding to an RF frequency of about 7 MHz. At this frequency the wavelength
of the radiation is large compared to the dimensions of the experiment, justifying the
use of magneto-static methods to calculate the field. The current distribution across

the wire is mostly confined to the surface with a skin depth of

5= ]2 (3.71)

! Agilent, 33521A
2Mini-Circuits ZYSWA-2-50-DR
Delta RF Technology, LA2-1-525-30
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3.7 Evaporative cooling

where p is the conductivity, which for copper is p = 1.68 x 1078 Qm. This gives a
typical skin depth of § = 24 pm. The Ohmic resistance, R, can be easily calculated,
and the inductance of the coil, L, can be found using standard formulae [72]

rp
.72
R 5 (3.72)

L= jor [m @") - 2} . (3.73)

For our RF coil and typical operating frequency we obtain Zp = R = 0.025 Q and
|Z1| = |iwL| = 3.64 Q, giving a total impedance of Zi,op = Zr + Z1. The antenna is
connected to a coaxial cable of impedance Zy = 50 Q. If the waveguide carries a signal
of peak voltage Vi, towards the antenna, the impedance mismatch will cause reflections

and therefore the transmitted voltage is given by

2Zloop

Vioop = == Vin 3.74
loop Zloop n ZO ( )
giving a current in the antenna of
Vi 2Vi
Iloop = loop - (375)

Zloop B Zloop + ZOI

The amplitude of the magnetic field at the atoms can be found using the standard

formula for the on axis field from a current loop

2

r
B = #0|Iloop\m- (3.76)

Using the relation Vi, = v/2P, 2o, the relevant Rabi frequencies at 7 MHz are

Lo Pan
"2,9)512,1) = SuBB & 58 kHzy [ <5, (3.77)
1Y) B~ a1 kH Fin (3.78)
= ~ 7 . .
|1,1)—1,0) 2\/§HB W

At such low frequencies the inductive impedance of the coil is sufficiently low that
very high Rabi frequencies are possible. Typically we run the waveform generator
well below its maximum power, producing a Rabi frequency of approximately 5 kHz,
corresponding to an input power at the antenna of approximately 12 dBm (16 mW).
For higher frequency applications, where the inductance of the loop becomes significant,
the output power can be enhanced by insertion of a capacitor in series. By tuning the
value of this capacitor such that (wC)~1 = wlioep, the reactance of the loop can be
canceled to increase the power output. Due to its significance in MRI experiments,

extensive literature exists on RF coil design for both transmission and pick-up [73].
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3.7 Optical dipole trap
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Figure 3.17: Crossed optical dipole trap: 1070 nm laser light from a fibre laser is passed
through an AOM and focused down onto the atoms. The light is recycled in a bow-tie config-
uration and a second beam is focused onto the atoms, orthogonal to the first beam, producing
a crossed dipole trap which confines the atoms in all three dimensions. The power of the trap
is stabilised by picking off a weak reflection towards a photodiode, providing input for a PID
which controls the AOM efficiency to attain the desired trap power.

3.7 Optical dipole trap

Following evaporative cooling in the QUIC trap, the atoms are transferred to an all op-
tical dipole trap (ODT) illustrated in figure 3.17. The trap is formed using red-detuned
1070 nm laser light from a 10 W linearly polarised ytterbium fibre laser!. The linewidth
of the laser is 1.2 nm, corresponding to a coherence length of only Az ~ \?/A\ ~ 0.8
mm. This short coherence length ensures no interference effects which could modify
the trapping potential. The crossed trap is constructed using a bow-tie configuration,
where the light is focused onto the atoms and then recycled to form a second, focused,
orthogonal beam. This provides additional trap depth and confinement along the di-
rection of propagation of the first beam.

It is important to stabilise the beam power to prevent long-term drifts in trap depth
and high frequency modulations which can cause additional heating. To achieve this

the beam is passed through an AOM? and the first diffraction order is used to form the

'TPG Photonics YLM-10-LP-SC
2Crystal Technology 3110-197
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3.8 |F =1,mp = 1) state preparation

trap. Following the bow-tie configuration the laser is sent to a beam dump, but before
this a glass slide picks off a weak reflection towards a monitor photodiode. The voltage
signal obtained from the photodiode is compared with a set voltage generated by the
control software using a PID controller (Proportional-Integral-Derivative controller).
The PID outputs an error signal which suitably attenuates the AOM driving signal
to increase or decrease the AOM efficiency to achieve the desired trap power. This
AOM-PID setup is used on several more occasions in this experiment to stabilise beam
powers.

For such far-detuned trapping light the expressions for the dipole potential and scat-
tering rate derived in (3.42) and (3.43) respectively using the rotating-wave-approximation
are no longer accurate. Instead, a weakly perturbative method can be used to derive the
following expressions, relevant in the case of large detunings and negligible saturation
[58]:

3mc? r T
Udgip(r) = _2&129 (weg — + P w) I(r), (3.79)
3?2 [ w \? r r \?
R = — | — I(r). 3.80
(x) 2hw§g (‘*’eg) (w€9 —w " Weg + w> (x) ( )

In the limit of large detuning the optical dipole force dominates over the scattering
force. While Ugip, scales as I/A, Ry scales as I/ A? hence far detuned optical traps
benefit from reduced scattering rates and heating.

The ODT is loaded by linearly ramping the beam power up to 6.8 W, corresponding
to a trap depth of ~ 35 uK. The QUIC trap is then overlapped with the ODT and
abruptly switched off, achieving transfer efficiency of ~ 60% with a temperature of
~ 6 uK. The antibias field remains on at a fixed field of approximately 3 G. The final
evaporative cooling to degeneracy is performed in the ODT by gradually reducing the
beam power and trap depth over 6 s. The final temperature and condensate fraction
are controlled by choosing the PID voltage and correspondingly the beam power. With
this protocol pure BECs of 8’Rb can be achieved with up to 8 x 10° atoms, however
when the system is optimised for production of 3**K BECs, the 8"Rb BEC atom number
is typically about half this value.

3.8 |F =1,mp=1) state preparation

After cooling to BEC in the |F = 2, mp = 2) state we transfer the atoms to the

|F'=1,mp = 1) state while holding in the ODT. The original purpose of this was to
reduce the number of magnetic sublevels from five to three, and hence simplify the
system for coupling the different mp states. Another advantage of changing states is
an observed increase in the BEC lifetime. Due to a reduced three-body recombination
rate the lifetime of the |1,1) state is found to be slightly longer than that of the |2,2)
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Figure 3.18: Adiabatic state transfer |2,2) — |1,1): Plotted are the dressed state energy
levels as a function of external bias field. The bias field is swept from 3.12 G— 3.48 G in 100
ms in the presence of a microwave field of 2 ~ 13 kHz which causes adiabatic following of
the lowest band. This transfers the atoms from the initial |2,2) state to the |1,1) state with
95% efficiency. The upper insets show 18 ms time-of-flight absorption images of the BEC in
the presence of a vertical Stern-Gerlach gradient to spatially separate the different magnetic
sublevels.

state. For the three F' = 1 sublevels, the lifetimes are found to be approximately equal,
while conversely the lifetime of the |2,1) state is observed to be considerably shorter
than that of |2,2), and the |2,0) state lives shorter still. While the extended lifetime
of the stretched state can be understood as the absence of spin-changing collisions, the
discrepancy between F' = 2 and F = 1 states is less clear. Although not understood,
nevertheless we use this feature to our advantage by operating in the F' = 1 manifold
which provides a long-lived basis of states.

This state transfer is achieved using an adiabatic Landau-Zeener sweep illustrated in
figure 3.18. With the antibias field providing a uniform field of 3.12 G, an off-resonant
microwave field is applied at fixed frequency 6841.98 MHz and Rabi frequency 13 kHz.
The antibias field is then swept across resonance by 0.36 G in 100 ms before removing
the microwave field. The efficiency of this transfer is detected by spatially splitting the
two states in time-of-flight by applying a vertical magnetic gradient. Typical transfer
efficiency is about 95%. The remaining atoms in the |2, 2) state are removed by a short
(10 ps) resonant pulse of imaging light which scatters the |2,2) atoms out of the trap,
but is far detuned for the |1, 1) state.
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3.9 Absorption imaging

3.9 Absorption imaging

Our experiment uses absorption imaging to extract information about the density pro-
file, atom number, and temperature of our atoms. Absorption imaging simply relies on
illuminating the atoms with a laser pulse and measuring the spatial attenuation of the
beam profile, which relates directly to the density profile of the atom cloud. This is
done by imaging the shadow cast by the atoms onto a CCD camera.

To calculate the change in laser light due to the atom cloud, we use the relationship
between the refractive index, n.f, and the complex polarizability, «

no
Neet = /1 +nafeg =14+ — (3.81)

2¢0’

where n is the atomic density of the cloud. Since the polarizability is complex, this leads

to a complex refractive index with real and imaginary parts, ng and ny respectively:

nhcl 2A/T
—1_ 82
"R Al 1+ I /T + (2A)T)2 (3.82)
nhel’ 1

(3.83)

nr = .
I Uy 141/ Ige + (2A/T)2

A constant refractive index will modify the propagation of a plane wave as follows:
E = Ege!lkz=wt) _ Fyeilnmethz—wt) — Feilknrz—wt)o=nrkz  The jmaginary part leads to
a density-dependent exponential decay of the amplitude which is utilised in absorption
imaging. For non-zero detuning, the real part of the refractive index generates a density-
dependent phase shift of the incoming light. This phase shift can be used to image
transparent objects by phase-contrast imaging, where the information encoded in the
phase shift of the light is converted into intensity before detection. In this work, the
real part of n.f leads to unwanted diffraction effects when imaging dense clouds in
trap. To remove this effect we can image on resonance (A = 0), where the phase shift
vanishes, however to reduce the optical density to within the dynamic range of our
imaging system, we only transfer a fraction of the atoms from the |1,1) state to the
imageable |2,2) state.
Absorption of photons leads to a rate of decay of intensity with propagation distance

given by

ar_ —2nrkl = —nol. (3.84)

dz

From this we extract the scattering cross-section

g0

T I I /I + 2A/T)2 (3.85)
where -
w
=57 (3.86)
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3.9 Absorption imaging

The same result can be obtained by equating the rate of decay of intensity, dI/dz, to the
rate of energy scattered from the cloud, fwRs.n, and using the form of the scattering
rate in (3.29). In the limit of low intensity, the effect of saturation in o can be neglected,
and equation (3.84) can be integrated to give the intensity after propagating a distance

2,

(z,y) = Io(x, y) exp [—a /0 R z’)dz’} = Iz, y)e P, (3.87)

where the optical density, D, is defined as

D(z,y) = o /0 Cn(ey, )Y = —In < ;; ((:’;ffy))) . (3.89)

Therefore by taking an image of the incident light with atoms to obtain I(z,y), and an
image without atoms to obtain Iy(zx,y), it is possible to calculate the optical density,
which is proportional to the column density along the line of sight. To account for any
stray light entering the camera, additional dark images are taken with no imaging light
and are subtracted from the atom shadow image and the imaging beam image. The

final optical density is then given by

— _In I(.%', y) — Idark(xa y)
D(z,y)=-1 <Io(x,y) — Idark(%.@)) . (3.89)

3.9.1 Imaging systems

Our experiment makes use of a horizontal and vertical imaging setup, both of which
were designed and tested by Alexandre Dareau using the OSLO optimisation package
and are detailed in his project report [74]. The horizontal direction is used to make
quantitative measures of atom number and temperature, whereas the majority of the
data taken on persistent currents is done using the vertical imaging system, along which
vortices are visible. In both instances the imaging bias field is in the horizontal plane
along the direction of the horizontal imaging. This bias field is the same used during

state transfers and hence is quite large at approximately 10 G.

Horizontal imaging Our horizontal objective is based on one proposed by Wolfgang
Alt [75]. The objective uses five commercially available 1” optics, the first four of
which are designed such that their own respective aberrations combine to cancel
one another out and the spherical aberrations introduced by the science cell wall.
The fifth lens is a diffraction limited achromatic doublet used to focus the image
onto the camera. This complete objective achieves a resolution of less than 2 pm
and a magnification of M, = 2.78. The atoms are imaged with a broad beam
of ot polarised light which is resonant with the |2,2) — |3, 3) cycling transition.
The steady state resonant cross-section (3.86) for o polarised light is given by

[76]
ot 32
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Vertical imaging Our vertical objective is similar in spirit to the horizontal objective,
however the additional constraint of the quadrupole coils forces the lenses to be
spaced further apart. A custom meniscus is closely mounted near the science
cell to maximise the numerical aperture, and the subsequent optics used are 2”
in diameter to further increase light collection. This objective also achieves a
resolution of less than 2 um and a magnification of M, = 5.2. Due to design
constraints where the vertical direction is used for addressing the atoms with the
Raman beams, the vertical imaging light is 7 polarised with respect to the bias
field. As a result, during the imaging pulse, the atoms become distributed over a
range of mp states which makes calculation of the scattering cross-section more
complicated. Calculations in [76] and [77] show that the steady state saturation
intensity is given by Iy = 3.053 mW /cm?, giving a resonant cross-section of
oo = 0.55 of " Typically we tend to calibrate the vertical imaging using the

horizontal imaging since the transition is much simpler.

! is used for both imaging systems. This camera has a relatively

The same type of camera
modest quantum efficiency of ~ 28% and a pixel area of 6.45 x 6.45 ym?. For horizontal
imaging this gives an effective pixel size of 2.32 x 2.32 um?, just above the resolution
limit, which is calibrated using the motion of the centre of mass of the cloud in free fall.
For vertical imaging in trap this gives an effective pixel size of 1.2 x 1.2 ym?, just under
the resolution limit, calibrated by comparing cloud sizes in both imaging systems. We
also calibrate the vertical imaging at the plane of 29 ms TOF, which is used extensively
for detecting angular momentum, which gives a larger pixel size of 1.42 x 1.42 pm?.
Due to the relatively low efficiency of the camera, to achieve a high signal-to-noise
ratio we use quite high intensity and long imaging pulses such that each atom scatters
many photons. Our imaging pulses are typically 80 us long with an intensity /4 ~
0.3, which corresponds to scattering about 350 photons per atom. The disadvantage
of this is the high intensity leads to some saturation of the imaging transition, and the
scattering force during imaging can lead to a Doppler shift of resonance and an effective

detuning [45].

Stern-Gerlach

To image different magnetic states we apply a Stern-Gerlach magnetic gradient during
time of flight using the quadrupole coils. This exerts a state dependent force which
causes the different mp states to spatially separate as they fall. For vertical imaging
we apply a gradient of 11 G/cm, which due to the bias field predominantly splits the
states in the horizontal direction. The gradient is ramped off a few ms before imaging,
just leaving the imaging bias field on, so as not to create a spatially varying detuning.

For horizontal imaging we apply a gradient of 16 G/cm and a strong vertical field of 90

'PCO Pixelfly QE Double Shutter
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3.9 Absorption imaging

G. This splits the states in the vertical direction, and once again the fields are ramped

off a few ms before imaging.

3.9.2 Atom number calibration

As discussed in the previous section, various experimental factors will cause the true
scattering cross-section to differ from og, often causing an underestimate of atom num-
ber. Typical factors include imperfect polarisation, small detunings from resonance,
and in our case, saturation and acceleration of the atoms during imaging. For quanti-
tative studies of BEC this needs to rectified, and the scattering cross-section is scaled by
a ‘fudge-factor’, f = 0g/o, to compensate for the discrepancy. The way this is done is
to note that while the atom number is altered by f, the temperature, which is extracted
from the width of the thermal distribution, is not. Since the BEC phase transition is a
function of both temperature and atom number, the onset of condensation can be used

to find the fudge factor as follows
FNeotal = N+ £ N, (3.91)

since for an ideal gas the thermal atom number saturates at the critical number given

by (2.16)
kpT

3
Nid = 1.202 (hwo) : (3.92)
where wg is the geometric mean of the trapping frequencies. The uncorrected total
number, Niota1, and condensate number, Ny, are found by fitting the absorption image,
and the critical number is calculated using the fitted temperature, thus allowing us
to find the fudge factor, f. As discussed in [16, 47] the effect of interactions leads to
non-saturation effects which modify (3.91) and need to be considered for an accurate
determination of f. For small condensates this can be suitably captured using Hartree-
Fock theory which gives the total atom number as

Neotal = No + Nid 4 1.37N4 £ (3.93)

kgT

where the chemical potential, y, is a function of the condensate number (2.44). The
fudge factor is then found by solving the equations

FNootal = fNo + N + 1.37NgdkBLT, (3.94)

with the chemical potential given by

(3.95)

huwo <15fN0a>2/5
m = o\ )
ag
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Figure 3.19: Convergence of saturation intensity and scattering cross-section with scattering
events: The evolution of the saturation intensity, s, (red), and the on-resonance cross-section,
oo (blue), are shown as the expected populations change with absorption of o polarised imag-
ing light and spontaneous emission. These are calculated for each of the three starting popu-
lation distributions obtained by repumping |1,1), |1,0), and |1, —1). The vertical axis is the
value of the parameters over their steady state values.

where a is the s-wave scattering length, and ag is the harmonic oscillator length asso-
ciated with the mean trapping frequency. Higher order corrections are considered in
[48] by considering modification of the critical temperature due to interactions. For
our horizontal imaging system we observe a typical reduction in the cross-section by
a factor of f = 1.5 + 0.3, consistent with that expected from our range of imaging

parameters.

3.9.3 Imaging the |F' = 1) state

As described in Section 3.8, our experiments on persistent currents are performed in
the F' = 1 states, whereas our imaging light is resonant for the F' = 2 state. To image
the F' = 1 state we quickly transfer the atoms to the F' = 2 states just before the

imaging pulse. This can be done in two different ways.

1. The first is to flash a 10 us pulse of 7 polarised repump light just before the
imaging pulse, after releasing the atoms from the trap. This transfers the atoms
into the F/ = 2 state, and those that decay into the F' = 2 manifold become dark
to the repump light and remain there. Since each atom should end up in a dark
state we are able to saturate the transition many times over and rapidly move the
population into the imaging state. This method will distribute the atoms across
several mp states, however due to the significant number of scattering events
during imaging, the atoms quickly reach their steady state populations and the

effective cross-section is only slightly affected by the starting distribution.
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3.9 Absorption imaging

To calculate this effect we use the appropriate branching ratios [78] to find the

steady state populations at the end of repumping

Transition Final populations mp = (—2,-1,0,1,2)
I1,1) — [2,1) (0.01,0.14, 0.36, 0.25, 0.23)
|1,0) — |2,0) (0.03,0.42,0.09,0.42,0.03)
1, -1) — |2, —1) (0.23,0.25,0.36,0.14,0.01)

From these starting populations we now simulate absorption of o™ polarised imag-
ing light and spontaneous emission back to the F' = 2 magnetic sublevels. This
gives the expected population distribution as a function of scattering events, from
which the saturation intensity and hence the on-resonance cross-section can be
calculated. The result of this calculation is shown in figure 3.19, and shows that
for all starting populations, after about 10 scattering events the population is
almost entirely in the |2,2) state and the cross-section is equal to that found for
the cycling transition (3.90). Since the imaging pulse involves about 350 scatter-
ing events, cycling the atoms into the steady state population distribution only
introduces a small correction to the effective cross-section. For typical imaging
parameters [ /I,y = 1/3 and a pulse time of 80 us, the effective cross-sections
are 0.995 0(,0.993 o0y, and 0.990 oy for imaging the mpr = 1,0, and —1 states
respectively. We can therefore be confident that we image all sublevels equally
and can also directly compare to the |2,2) state. Similar corrections are found

when considering vertical imaging with 7 polarised imaging light.

2. The second method is to use a microwave m-pulse to flip the population from
|1,mp) — |2,mp + 1). The disadvantage of this method is that it requires very
stable magnetic fields, and hence cannot be used in conjunction with a Stern-
Gerlach gradient used to spatially separate the magnetic states. The pulse is also
only able to transfer one mp state to an imageable state, however this can be
used to our advantage to measure the spatial distribution of each mp state in
situ. Another advantage is that we need not transfer all the population to the
imaging state, providing a simple, non-invasive way to reduce the optical density
[79].

The use of absorption imaging for quantitative analysis is typically restricted to
samples with an optical density of less than 3. For optical densities above this,
the image is said to be “blacked out” and the level of transmitted light is too
low for reliable inference of optical densities. The cross-section can be reduced by
detuning the imaging light from resonance, however this can lead to significant
refraction of the imaging light beyond the aperture of the imaging system. This
can affect the absolute density measurement, and importantly for in situ images
where the density varies on small length scales, it can appear as false absorption

signals in the relative density [80]. Partial transfer absorption imaging simply
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involves only transferring a fraction of the atoms to the |2,2) imageable state.
This uniformly reduces the optical density across the entire sample, bringing it
within the dynamic range of our setup and providing an accurate representation
of the density distribution. Since the imaging light does not affect the remaining
atoms this can also be used to take several pictures of the atoms in a single

sequence.

3.10 Conclusion

In conclusion we have outlined the theory and experimental stages used to produce our
8TRb BEC held in an all optical dipole trap. The theory and experimental apparatus
relevant to later chapters has been covered in more detail, in particular that of Rabi
oscillations, optical trapping, and the creation of dressed states by atom-light coupling.
The experimental protocol described in this chapter provides the starting point for all

our experiments on persistent currents, which are described in the chapters to follow.
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Chapter 4

Preparation and detection of persistent

currents

In the previous chapter we covered our experimental sequence to create a BEC in the
|1, 1) state held in a crossed ODT (CDT). We now explain how we load this BEC into
an optical ring trap to create a multiply-connected toroidal BEC, and then impart
angular momentum to the BEC to create a superfluid persistent current in analogy to
those created in superconducting [81-85] and superfluid liquid helium [27, 39, 86-88]
experiments. Superfluid flow of a BEC in a multiply-connected ring geometry is the
archetypal metastable many-body state. As discussed in Section 2.4.3, the phase of the
macroscopic BEC wavefunction must wind around the ring by an integer multiple of
27, corresponding to the charge g of a vortex trapped inside the ring. Different ¢ states
are topologically distinct and therefore transitions between them involve a macroscopic
transformation of the BEC wavefunction and so are energetically unfavourable. As a
result even in a stationary trap where the ground state is ¢ = 0, a ¢ # 0 persistent
current can be extremely long-lived since there may be no energetically accessible decay
channel. This chapter details how we prepare and detect such persistent currents, the
stability and decay of which are studied in the subsequent chapters.

The outline of this chapter is as follows. Firstly we detail past ring trap experiments,
describing alternate methods for their creation, previous studies on persistent currents,
and applications of BECs in such geometries. The next section explains how we form
our optical ring trap by intersecting a sheet beam with a tube-like Laguerre-Gauss
(LG) beam. This includes the methods used to form the LG beam and how we correct
for abberations in the LG beam phase profile. The next two sections describe how we
then impart angular momentum to the BEC, setting up the persistent current, and how
we detect the state of this persistent current following its creation. The final section
illustrates the significance of the multiply-connected geometry by studying the vortex

dynamics when we remove the ring trap, transforming to a simply-connected trap.
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4.1 Previous ring trap experiments

4.1 Previous ring trap experiments

Atomic BECs trapped in a ring geometry are attractive for creating stable states of non-
zero circulation. As discussed in Section 2.4.3, rotation of a BEC requires a multiply-
connected geometry which introduces vorticity into the system. Such vortices are fun-
damentally unstable and are observed to break apart and migrate towards regions of
low density at the edge of the cloud [31, 32, 89], reducing the angular momentum of
the system. In Section 4.5 we discuss our own observations of dynamically unstable
multiply charged vortices. A ring geometry allows the study of truly stable persistent
currents by pinning the vorticity to the zero density region in the centre of the ring
[90, 91]. As discussed in chapter 5, the ring geometry introduces low energy states,
corresponding to placing vortices inside the ring, separated by energy barriers which
prevent a continuous deformation of the BEC wavefunction and loss of angular mo-
mentum. Ring shaped BECs also have several other promising applications such as
interferometry, atomtronics, and fundamental studies of BECs with periodic boundary

conditions.

4.1.1 Previous ring traps

Several schemes have been implemented to create multiply-connected geometries for
ultracold atoms. These can be broadly divided into three types: magnetic, RF dressing,
and optical. The scale of these traps are generally divided into smaller traps where the
quantum coherence extends all around the ring, suitable for persistent current studies

and atomtronics, and larger traps for matter-wave interferometry.

Magnetic
Various current structures have been generated for achieving large area ring
waveguides based on dc magnetic fields to create ring traps suitable for inter-
ferometry [92, 93]. The disadvantage of such traps is the existence of field zeros
which lead to losses by Majorana spin-flips. This can be negated by using time-
averaged magnetic traps such as in [94] which reported the first BEC loaded in a
circular waveguide. The disadvantage of such traps for our studies is their large
scale, of the order of several mm. The low mean field of a BEC occupying such a
large trap makes it unfeasible to create a continuously connected BEC, unbroken

by residual azimuthal roughness.

RF dressing
Modifications to these magnetic traps have been proposed which use RF fields to
dress the atoms and create time-averaged ring potentials [95, 96]. Such schemes
involve using RF fields to create a dressed band with a minima isosurface at
a given magnetic field value. The position of this surface can then be moved

to create a time-averaged ring potential, the parameters of which can be modi-
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4.1 Previous ring trap experiments

fied by changing the RF frequency. Such traps are inherently flexible, and can
produce small ring traps suitable for superflow studies. Such a trap was recently
demonstrated for a BEC in [97]. The disadvantage of this solution is the trapping

potential is state dependent.

Optical

Several experiments (including this one) make use of optical forces to create ring
traps. The clear advantage of this is the trap is equal for different magnetic
states, and the creation of small ring geometries is easily achieved. The first such
traps used a repulsive blue-detuned beam aligned along the symmetry axis of
a magnetic trap to create a multiply-connected geometry. This was done with
both a quadrupole magnetic trap [98] and a TOP magnetic trap [99]. This setup
is limited by heating and losses due to drifts in the relative alignment of the
magnetic field and the plug beam.

The experiment of Ryu et al. [99] evolved into an all optical trap which made
use of an intersecting sheet beam and tube-like Laguerre-Gauss beam [100] (see
Section 4.2). This setup is very similar to ours, and both experiments [99] and
[100] were also used to study persistent currents. As such, in chapter 5 we will
directly compare our finding to those in [99, 100]. Other all optical ring traps
have used time-averaged painted potentials [101, 102]. These experiments use a
two-directional AOM to deflect a beam and trace out the trapping potential. This
is done with a kHz refresh rate, allowing one to create an arbitrary time-averaged
potential. Such traps show great promise for creation of dynamic atomtronic

circuits.

4.1.2 Applications of ring BECs

While numerous novel proposals have been developed which make use of multiply-
connected BECs [103, 104], we will limit ourselves to briefly explaining those applica-

tions which have been experimentally realised.

Persistent current studies
Persistent flow in a BEC is a striking demonstration of superfluid behaviour and
facilitates studies into critical velocities and the connection between superfluidity
and Bose condensation, which are still not fully understood. The only experiments
to demonstrate persistent flow in a BEC are those of the NIST group [99, 100, 102],
and those presented in this work [14, 15]. The NIST experiments demonstrated
long-lived superflow of up to 40 s, and were able to theorise a possible decay
mechanism. The results of these experiments will be contrasted with our own

findings in chapter 5.

Atom interferometry

Atom interferometry is performed by coherently splitting an atom cloud into two
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4.2 Optical ring trap

parts which then travel spatially different paths before recombining and interfer-
ing. If the parameter of interest acts differently on the two paths, a relative phase
difference will accumulate which is read out upon interference as a population dif-
ference. Such experiments have allowed precision measurements of various quan-
tities, including rotation [105-107], acceleration [108], magnetic gradients [109],
and fundamental constants [110]. Interferometric detection of rotation makes use
of the Sagnac effect which states that two interfering propagation paths enclosing
an area A will experience a relative phase shift of A¢p = %Q - A, where A is
the particle wavelength, which for a massive particle is the de Broglie wavelength
Aap = h/muv, v is the velocity of the particle, and (2 is the rotation of the external
system. As a result, the inherent sensitivity of a matter-wave gyroscope exceeds
that of a photon-based system of equal area by a factor of mTC)‘ ~ 109, where
here A is the typical photon wavelength.

Sagnac interferometry in a ring trap is attractive for several reasons: (i) for a com-
plete loop of the trap the two paths are identical (apart from their rotation sense)
and have common-mode rejection, and (ii) the area, A, can be trivially extended
by allowing multiple revolutions before readout. Such a proposal is outlined in
[111] for a two component BEC. This makes use of a m pulse at half the integration
time termed an echo pulse, which cancels phase accumulation due to atom-atom
interactions. Recently a proof of principle rotation sensor was demonstrated in

[112] which uses interference of collective excitations in a toroidal-shaped BEC.

Atomtronics
Atomtronics focuses on the creation of atom analogs of electronic materials, de-
vices, and circuits. The analogy between a strongly interacting Bose gas in a
lattice potential and electrons in a solid-state crystal, has led to the proposal of
P-type and N-type material analogs in ultracold systems, and from these build-
ing blocks possible diode and transistor configurations are proposed from which
atom circuits could be constructed [113]. Though quite a speculative field at the
present time, the first realisation of an atomtronic circuit was recently achieved
in [102] with a BEC analog of a SQUID circuit. This experiment uses a toroidal
BEC with a rotating weak link which is able to spin up the atoms and introduce
vortices. Such an experiment is then shown to map onto a superconducting loop

with a weak link in the presence of an external magnetic field.

4.2 Optical ring trap

Our ring trap is illustrated in figure 4.1. The trap is formed by the intersection of a red-
detuned (A = 1070 nm) horizontal sheet beam (Section 4.2.1) which provides vertical
confinement and a red-detuned (A = 804 nm) vertical LG beam (Section 4.2.2) to

provide annular confinement. The use of a separate sheet beam was chosen to decouple
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4.2 Optical ring trap

Top view

Figure 4.1: Schematic of optical ring trap: Vertical confinement is provided by an oblate
sheet beam in the horizontal direction, red-detuned at A = 1070 nm. The ring trap is formed
by a tube-like Laguerre-Gauss beam in the vertical direction, red-detuned at A = 804 nm. The
trap is formed in the green region at the intersection of the two beams. Inset is a top view
absorption image of a BEC loaded in the ring trap. The orientation of the uniform bias field
used during state transfers is indicated by B.

vertical and horizontal confinement.

4.2.1 Sheet beam

When we evaporatively cool in the CDT we ramp the beam power down from 6.8 W
to approximately 1.6 W, leaving over 5 W of A = 1070 nm trapping light available.
This power is used to produce our sheet beam, since we only load into the sheet after
reducing the CDT power. The optics used to generate the sheet beam are shown in
figure 4.2. The zeroth order beam from the CDT AOM is sent to a separate AOM!,
which cleans up the beam profile and provides independent control of the sheet power.
A microscope slide picks off a weak reflection which is sent to a photodiode to provide
a signal for a PID controller. This provides stabilisation and control of the sheet beam
power as explained for our CDT in Section 3.7. A 3 : 2 telescope is inserted to provide
independent control of the horizontal dimension of the sheet trap at the atoms. The
beam is translated up to the atoms by a periscope and passes through a polarising
beam splitter cube (PBS) which cleans up the polarisation and also aids in alignment.

A free space prism pair is used to extend the beam profile in the vertical plane by a

! Crystal Technology 3200-115
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Figure 4.2: Sheet beam optics: The sheet beam uses discarded light from our CDT setup.
The output of the fibre laser passes through a telescope resulting in a beam that is size-matched
to the active aperture of the 110 MHz AOM. First order light is sent to the CDT optics, while
zeroth order light is sent to the sheet beam optics. A 200 MHz AOM cleans up the beam profile
and provides power control, with the undeflected light sent to a beam dump. A microscope
slide picks off a weak monitor beam sent to a photodiode used for PID power stabilisation. A
3 : 2 telescope gives added control to collimate the sheet beam at the atoms in the horizontal
direction without adjusting the CDT setup. A periscope brings the light level with the atoms
and then a polarising beam splitter cube (PBS) cleans up the polarisation and allows overlap
of guide beams for alignment. The beam is stretched in the vertical direction by a factor 4 : 1
using a free space prism pair and is then finally focused in the vertical direction only onto the
atoms using a f = 75 mm cylindrical lens.

factor of 4, creating the profile shown in figure 4.3 (b), with a vertical waist of w, = 2
mm and a horizontal waist of wy = 0.5 mm. This is focused in the vertical direction
only by a cylindrical lens of focal length f = 75 mm', giving an estimated vertical

beam waist at the focus of wy = fA/(4w,) = 10 pm.

'Thorlabs LY1703RM-C
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4.2 Optical ring trap

4 mm Top view

Figure 4.3: Sheet beam: (a) Side view of the cylindrical lens focusing the beam in the vertical
direction only, to create a weak horizontal trap and tight vertical trap. (b) Contour plot of
intensity for the input beam before the cylindrical lens. The beam is extended in the vertical
direction by the prism pair to focus more tightly and strongly confine the atoms in the vertical
direction. Dimensions shown are 1/e? diameters. (c) Vertical absorption image of atoms loaded
into the sheet beam only. The dimensions of the cloud are larger than our typical ring traps
which provides an error margin should the sheet and ring drift out of alignment.

Trapping parameters

The sheet beam power used is 100 mW, corresponding to a calculated trap depth of 550
nK. This shallow trap depth ensures evaporation of any thermal atoms created during
loading and a high condensate fraction, typically over 85%. For powers below 50 mW
gravity dominates and the trap minimum disappears. The trapping frequencies of the
sheet are measured by translation of the BEC from the trap minimum by application
of a quadrupole magnetic gradient, the orientation of which is selected by application
of an appropriate uniform bias field. The fields are then abruptly removed and the
BEC is allowed to freely oscillate in the sheet trap. To amplify the signal we measure
oscillations in the BEC position at long time-of-flight (TOF') (18 ms). The measured
trapping frequencies across the sheet, along the sheet, and vertically are w, = 27 x 6.3
Hz, wy, = 27 x 7.1 Hz, and w, = 27 x (400 £ 13) Hz respectively. Such weak in-plane
trapping frequencies are important for creating a level ring trap and are also found
to be beneficial for detection of angular momentum. Typically we load about 2 x 10°
atoms into the sheet which, using (2.44), gives a chemical potential of p ~ 460 Hz.
This gives the corresponding Thomas-Fermi radii as R, = 52 um, R, = 46 pm, and
R, = 0.8 pm, in rough agreement with the observed density profile in figure 4.3(c).

Alignment

Due to the short Rayleigh range, zgr = mw3/\ = 0.3 mm, alignment of the sheet beam

proved very difficult. The optimal solution to finding the sheet beam was to overlap
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(@) (b)

Figure 4.4: Repump sheet beam for alignment: A separate repump beam is overlapped with
the sheet beam on the PBS cube before the prism pair. The repump beam produces a strong
signal, pumping atoms into the imageable F' = 2 state. (a) The repump beam is flashed on
at various points during TOF. The visibility of the atoms allows us to map out the repump
beam position and profile, and hence find the overlapped sheet trapping beam. (b) A horizontal
absorption image of a cloud which has only partially fallen into the repump beam, hence only
the bottom half is in the visible F' = 2 state.

the beam with a repump beam on a PBS cube before the prism pair. Unlike the sheet
beam, which has to be in close proximity to the atoms in trap to significantly distort
their trapping potential and produce an observable signal, any F' = 1 atoms which pass
through the repump sheet will be pumped to the imageable F' = 2 state. We therefore
flash on the the repump beam during TOF, and vary TOF to determine the height of
the beam. By flashing the repump on just before imaging, only a slice of the cloud is
pumped to the F' = 2 state, hence we can find the focus by minimising the thickness
of this slice. Figure 4.4(a) illustrates this technique, and figure 4.4(b) is an absorption
image of a cloud where only half the cloud has passed into the repump sheet. This
technique was able to get the alignment close enough to observe distortion of the BEC
profile due to the trapping sheet. The alignment of the sheet trap was then chosen to
minimise heating upon transfer. Any tilt in both directions was removed by rotation
of the cylindrical lens, and vertical walking of the beam.

A disadvantage of using an attractive sheet beam for vertical confinement is the
presence of weak fringing near the focus. In our case we observe two local minima
about the focus separated by =~ 200 pm along the direction of propagation. Private
correspondence with the NIST group [100] revealed that a similar problem was observed
in their setup. Despite numerous attempts, the cause of the fringing could not be
established and the solution was simply to load into one of the fringes. The approximate
spacing of the fringes seems to be weakly dependent on the angle of incidence, hence
we theorise the cause could be due to a reflection, however the fringe spacing does
not fit with interference from a counter-propagating reflection, nor reflection within
any optical coating. Another possible cause could be chromatic aberrations due to the
broad linewidth of the fibre laser, however we would expect the spectral distribution

to only have one maximum.
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Figure 4.5: Laguerre-Gauss intensity profile and phase winding: Top figures show the intensity
profile and bottom figures show the azimuthal phase winding of an LG beam for £ = 5, 3,1 from
left to right. From this we observe the trend of increasing annulus radius with increasing £.

4.2.2 Laguerre-Gauss beam

Our ring trap is an optical dipole trap formed by a red-detuned Laguerre-Gauss (LG)
laser mode. LG modes are a complete basis set for paraxial light beams with circular
symmetry about their axis of propagation. Two indices identify a given mode denoted
by LGf), where p is the radial order which we are not concerned with and set to be 0, and
¢ is the angular order. In contrast to the planar wave fronts of the Hermite-Gaussian
(HG) modes, for £ # 0 the LG beams have an azimuthal phase term e*? which results
in helical wave fronts [114]. This phase winding about the beam’s axis means an LG
beam can be thought of as an optical vortex of topological charge /.

The LG beam is integral to our experiment for two reasons: (i) an LG beam
has a doughnut intensity profile [115] which creates the toroidal optical dipole trap,
and (ii) the helical wave front means LG modes possess an orbital angular momentum
of ¢h per photon [116], quite distinct from the spin angular momentum associated
with the polarisation state. As discussed in Section 4.3, this is used to impart angular
momentum to the ring BEC and generate a persistent current. The relation between the
orbital angular momentum of an LG beam and the circular polarisation of a photon
is analogous to the orbital angular momentum and spin of an electron. The orbital
angular momentum is associated with the spatial mode, while spin is intrinsic to the
particle.

The field amplitude of an LG laser mode is given by [115]

E(LG) ocexp [2(;;’;2;)] exp [;ﬂ exp [—i(Zp 40+ 1) arctan <;{>}
x exp[—ild](—1)? (f)eLg (i}f) , (4.1)

where z is the distance from the beam focus, zgr is the Rayleigh range, k is the wave

number, w is the Gaussian beam waist, r is the radius, ¢ is the azimuthal angle, and
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4.2 Optical ring trap

Lf; is the generalised Laguerre polynomial. From this we find the intensity profile

2 P [2:2\" 2r2\ 1 —2r?
0N _ ¢
ILG,) = 0 rw? (uﬂ) [Lp <w2 ﬂ P [ w? ] ’ (42)

where P is the total beam power. The intensity profile as a function of ¢ is shown in

figure 4.5. This doughnut profile has clear applications in forming ring traps, as well
as other features of note. The radius of the intensity minimum scales with topological
charge as Ry = wm, and we also observe that a true intensity zero is created within
the ring due to the phase singularity. The intensity profile inside the ring scales as %,
hence a blue-detuned LG beam has applications in creating novel trapping geometries
with high power laws [117-119].

In recent years LG beams have attracted much interest, and found a host of diverse
applications. LG beams are used extensively in optical tweezers, which use the refrac-
tion of light about an object with higher refractive index than the surrounding liquid to
optically trap and manipulate samples ranging from simple dielectric spheres to cells,
chromosomes, and protein motors. LG beams offer distinct advantages in being able to
trap both high and low-index particles [120], holding samples in low intensity regions
where cell damage is reduced, and rotating samples due to absorption of angular mo-
mentum from the trapping LG beam [121]. LG beams were used in a recent experiment
which demonstrated the possibility to use two beams of incoherent radio waves, trans-
mitted on the same frequency but encoded in two different orbital angular momentum
states, to simultaneously transmit two independent radio channels [122]. LG beams
have also found numerous other applications including astronomy [123], phase contrast
microscopy [124], and in secure encoding of information in orbital angular momentum
states [125].

Several methods have been developed in the last two decades for the production
of LG beams, or more often for the production of fields with a single dominant LG
mode. While LG modes can be produced directly from a laser resonator [126], it is
often simpler to obtain these modes by externally converting the HG mode output
from a conventional laser. The creation of pure LG modes is possible using a cylin-
drical lens telescope with an input beam mode HG,, ,, aligned at 45° to the principal
axis of the lens, provided either m # 0 or n # 0 [127, 128]. Approximations to LG
beams can be produced using spiral phase plates [129, 130] and computer-generated
holograms [131, 132]. Such devices introduce a screw-phase dislocation in the centre
of a Gaussian beam, which to first order approximates the spiral wavefront of an LG
beam. On propagation the phase dislocation causes destructive interference leading to
the annular intensity profile and a high percentage of a given LG component, with ¢
set by the phase pitch of the spiral phase plate, or correspondingly the order of the

dislocation in the hologram.
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4.2.3 Spatial light modulator (SLM)

Our technique for creating LG beams uses a spatial light modulator (SLM). An SLM
is a rapidly emerging tool which provides highly customisable control of light fields by
locally modulating light according to a fixed spatial pixel pattern. Modulation options
include amplitude only modulation used in many projectors, but to create a phase wind-
ing we require a phase modulating SLM. Simultaneous amplitude and phase modulation
is available but at the cost of some coupling between the two parameters. Several SLM
technologies exist, including optically-addressed SLMs and digital micromirror arrays,
however the most common SLM implementations are based on liquid crystal displays
(LCD), which we use here. In an LCD-based SLM the alignment of the nematic liquid
crystal layer at a given pixel dictates the phase shift imparted to the light passing
through that pixel. Higher phase shifts are achieved by retro-reflecting the light off a
dielectric mirror positioned behind the display, to double the total phase shift. This
provides a flexible way to create the phase profiles generated by spiral phase plates
or holograms, without the difficulty of fabricating devices, and with greater control
to achieve smoothly varying phase profiles and hence higher coupling to a single LG
mode. SLMs also provide the tempting possibility to dynamically vary optical fields
and create time-varying trapping potentials.

In principle, to create an LG beam we simply need to display a phase winding on
the SLM where the pixel value azimuthal increases about a central point, and reflect
a Gaussian beam off of it. In addition the linearity of phase imprinting can be used
to add several other phase patterns on top of this and simultaneously achieve several

operations:

ei(bwinding ei¢grating ei¢1ens eid’correction — ei(¢winding+¢grating+¢1ens+¢correction) , (43)

where our commonly used phase operations are listed below.

Operation Phase profile

Phase winding Gwinding = mod (€6,27)
Blazed grating ¢grating = mod (k2 + kyy, 2m)
Lensing @Plens = mod (—l{:z22—;y2,277)
Correction see Section 4.2.5

The phase winding ¢winding imprints the desired angular momentum onto the beam,
the blazed grating @grating directs the beam, the lensing ¢jens controls the focus of the
beam, and the correction phase pattern @correction cancels imperfections on the SLM
and other parts of the optical setup. This is illustrated in figure 4.6. Since the phase
shift of the SLM is in the range {0, 27}, the functions are all mod (27) to make use of
the equivalence between 0 and 27 phase shift. We note that if the functions were all
mod (a2m), where a < 1, the effect would be to diffract more of the light into other

orders. This means that the first diffraction order we use only contains LG modes of a
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Figure 4.6: Decomposed SLM pattern and corresponding LG beam intensity profile: Left
images show pixel values displayed on the SLM, where black = 0 and white = 27. The LG
beam phase winding is created by displaying an azimuthally increasing pixel value, in this case
for £ = 3. Additional operations are achieved by simply adding further phase profiles. A blazed
diffraction grating creates a bright first order beam, spatially separated from the undiffracted
light and other orders. The focus of the first order beam is adjusted by adding a lensing phase
profile formed from a radially varying pixel value. Finally a correction pattern is added which
compensates for abberations present in the SLM and subsequent imaging optics. In this case
the provided Hammamatsu correction is used, only correcting for unwanted phase shifts on the
SLM. As illustrated on the right this creates a focused LG beam in the first diffraction order,
here presented for ¢ = 20. Residual imperfections are due to the incomplete correction pattern
used (see Section 4.2.5).

single ¢ value, the value of which is dictated by the periodicity of the phase winding,
not the absolute phase value. Due to their design, SLMs inherently reflect a portion
of the incoming light without applying any phase shift. The inclusion of a diffraction
grating spatially separates the light field we want from this unmodulated light and

other diffraction orders.

SLM Choice

Having decided upon a reflective, phase modulating SLM, our choice was reduced to
three manufacturers: Hamamatsu, Holoeye, and Boulder Nonlinear Systems. The first
criteria is efficiency, i.e. the maximum amount of light possible to diffract into a single
order. This is a strong function of the back mirror, and the fill factor (the fraction of the
SLM area which is usable pixels). Both Hamamatsu and Boulder provide high filling
factors and high efficiency dielectric mirrors, offering efficiencies as high as 95%. Holo-
eye offers lower efficiency, but much higher screen resolution enabling smoother phase

profiles. Although not essential to this work, the possibility to dynamically vary the
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light field depends on the refresh rate of the SLM. SLMs also suffer from phase droop,
where the crystal tends to relax between refreshes, creating a time varying phase profile.
Both Hamamatsu and Holoeye run the SLM as a second monitor via a DVI connection
and hence only refresh at 60 Hz, which is slower than the liquid crystal’s free relaxation
rate. In practical applications this translates to a toggle rate for dynamically changing
the phase pattern of about 10 Hz. Boulder SLMs interface via PCI Express, and hence
offer a refresh rate of over 6 kHz and a usable toggle rate of about 1 KHz. Boulder
SLMs therefore offer a clear advantage for dynamic processes, however the PCI Ex-
press interface makes the SLM considerably more difficult to communicate with, and
the response time comes at a financial cost. Experimentally, the phase droop of the
Hamamatsu SLM was not observable and we could not attribute any erroneous heat-
ing to the effect. We therefore conclude that for high-efficiency, static light fields the
Hamamatsu SLMs provide a good choice and use the LCOS-X10468-02 with dielectric
mirror for A = 750 — 850 nm.

The implementation of the SLM is illustrated in figure 4.7. As explained in Section
4.3, the LG beam is one beam of a two-photon Raman transition used to impart angu-
lar momentum to the atoms. Both Raman beams exit the same fibre with orthogonal
polarisations and frequency shifted from one another by the relevant Zeeman energy.
The horizontally polarised beam, referred to as the LG beam, is reflected off the SLM
and hence picks up a phase winding and angular momentum. The vertically polarised
beam, referred to as the G beam, does not, and hence the difference in angular mo-
mentum of the two beams is imparted to the atoms during the Raman transition.

Concentrating on the SLM setup for the LG beam, the beam is partially collimated

out of the fibre by an achromatic doublet lens'

. The beam is still diverging when it
reaches the SLM, at which point it completely fills the SLM screen with a waist of
6 mm, before reflecting off at a shallow angle of less than 10° to the normal. Before
reaching the SLM the light passes through a neutral optical density filter. Although
not essential, the required power in the LG beam is several orders of magnitude less
than that in the G beam, hence the filter allows the balance of power between the two
Raman beams to be more comparable, and therefore small drifts in the polarisation
have a smaller relative effect. The phase imprinted on the beam is shown in figure 4.6.
A lensing pattern is added to the SLM which collimates the incoming beam, and a
diffraction grating spatially separates the various orders. Both Raman beams are then
recombined on a cube and focused onto the atoms using an aplanatic meniscus lens?

and companion doublet?® with a combined focal length of f = 86 mm.

L AC254-100-B-ML
2CVI Melles Griot 01LAMS555
3CVI Melles Griot 01LAO555
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Figure 4.7: SLM optics: The two beams for the Raman transition exit the fibre with orthog-
onal polarisations and frequency shifted with respect to one another. The beam with vertical
polarisation, referred to as the Gaussian beam, is split off a PBS cube and telescoped down so
as to have a large waist at the atoms. The beam with horizontal polarisation, referred to as
the LG beam, reflects off the SLM at a shallow angle, imprinting the phase displayed. Both
beams are recombined on a PBS cube and sent towards the atoms. The inset plane illustrates
the various orders of the LG light field before the final imaging lens. The light is focused down
onto the atoms and the Gaussian beam is overlapped with the 15 order LG beam.

4.2.4 Pseudo-Laguerre-Gauss beam

The SLM allows us to imprint the necessary helical wavefront onto a Gaussian beam,
however this is not a true LG beam since the field intensity at the SLM does not have
the characteristic annular profile. As the beam propagates, destructive interference at
the phase singularity will give rise to a pseudo-LG beam with a high mode overlap with
the corresponding LG* mode. To see this we consider the paraxial Helmholtz equation
given by , ,

%jj + aay";z + Qik%iz =0, (4.4)

where f, is the field at position z, and k = 27/ is the wavevector. We also define the

fourier transform of the field given by

F.(u,v) = /oo /oo f2(z,y) exp [-2mi(ux + vy)] dzdy. (4.5)
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From this we can easily show the effect of

1. Propagation in free space a distance z:

F.(u,v) = Fy(u,v)exp [—T(uQ + v2)z] (4.6)
fo(x,y) = folx,y) * h(z,y) (4.7)
where
Ben) = e | ota? + 7). (15)
2. Action of a lens
f(x,y) = f(a,y) exp(igr(r)) (4.9)

where ¢, is the phase shift introduced by the lens

or(r) =~ —];7; for r < f. (4.10)

Using these principles we numerically propagate the field at the SLM and find the field
at the focus. For our experiment the distance from the SLM to the imaging lens is
approximately 1 m, and we predominantly use ¢ = 3. These calculations are shown
in figure 4.8. During free propagation we observe destructive interference along the
optical axis and after 1 m the field appears strongly LG-like. Significant radial ringing
is observed which we can attribute to the contribution of higher p radial modes. After
the imaging lens the radius of the ring intensity profile is smallest at the focus, however
the central dark singularity is preserved at all positions. From these calculations we
anticipate a Gaussian waist of w =~ 5.3 um, and hence a ring radius for ¢ = 3 of
~ 6.5 pm. We find contribution from higher p modes can be significantly reduced by
radially masking the SLM with a doughnut aperture, the outer radius of which is set
to be the vertical height of the SLM and the inner radius is chosen to minimise ringing
for a given £. We implement this by simply only applying the blazed grating to an
appropriately chosen doughnut area on the SLM, hence light outside this mask is not
deflected towards the atoms. This increases the calculated Gaussian waist to w ~ 9
pm and the £ = 3 radius to &= 11 um. This is close to our observed radius of 12.2 pm.
The properties of such pseudo-LG beams for a fixed field at the SLM are displayed

in figure 4.9. In figure 4.9 (a) we compare the intensity profile of the pseudo-LG beam
with a pure LG beam of equal winding, where the waist parameter is chosen to give
equal radius and the profiles are normalised. The two profiles are closely matched, with
the pseudo-LG beam exhibiting small radial oscillations beyond the primary peak. The

intensity profile as a function of ¢ is shown in figure 4.9 (b). Unlike for a true LG beam,
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Figure 4.8: Numerical calculation of pseudo-LG beam propagation: (a) By propagating the
field produced at the SLM a distance of 1 m we observe destructive interference along the
optical axis and the formation of an annular intensity profile. About the focal point of the lens
the radius of the annular intensity profile reduces, but the intensity zero at the centre never
vanishes. (b) Intensity profile of the field at the lens after free propagation for 1 m. The profile
is LG-like, but the multiple rings indicate a significant contribution of higher radial modes with
p # 0. (c) Intensity profile at the focal point. The LG mode at the focus appears cleaner than
that before the lens.

the ring radius scales linearly with ¢ as shown in 4.9 (c¢). This radius scaling is confirmed
by our experimental measurements, and is observed independently in [133]. For a fixed
intensity at the SLM the peak intensity at the focus scales as £708%0-1 "and the radial
trapping frequency scales as £~04510.05  Thege powers are consistent with the trapping
minima being independent of £ if the peak intensity is held fixed.

An analytic expression for the field produced at the focus is derived in Appendix A

2 2 2 2

A e o L o
s~ L o () e (35) 5 (5
xexp[;:;\f_z

where f is the focal length of the imaging lens, z is the free propagation distance be-
tween the SLM and the lens, I,,(z) is a modified Bessel function of the first kind, and

wo = fA/mw is the diffraction limit, where w is the waist of the initial Gaussian beam.

7“2] exp(ild), (4.11)

Comparison with the field for a pure LG beam in (4.1), our pseudo-LG beam displays
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Figure 4.9: Numerical calculations of pseudo-L.G beam properties produced by phase imprint-
ing a Gaussian beam: (a) Comparison of pseudo-LG beam with true LG beam intensity (4.2).
The respective waists have been chosen to give equal ring radii, and both profiles have been
normalised. (b) Scaling of intensity profiles of pseudo-LG beam with ¢. For all ¢, the input
field at the SLM is held constant, only the phase winding imprinted is changed. (c¢) Scaling of
peak radius with ¢ for pseudo-LG beam. The red points are experimental data, and the blue
line is a numerical calculation which has been scaled to lie on the data. The two show good
agreement and both predict a linear relationship, in comparison to the v/Z scaling for a true LG
beam. (d) Numerical calculations of peak intensity and radial trapping frequency, w,., scaling
with . The points are fitted to a power law function to obtain scalings of £=98 and ¢=94%, for
peak intensity and w, respectively.

the important helical wavefront, e, associated with orbital angular momentum. Tak-
ing the small argument limit of I,,(z) ~ F(+H) (%)n, retrieves the same small 7 limit of

Ey x rt.

4.2.5 Correcting for abberations

As shown in figure 4.6, the initial LG beams we generated differed from those in our
calculations. We observed azimuthal variations in the intensity which had significant
implications on the smoothness of our trapping potential, and hence the stability of
superflow around the ring. These variations are introduced by unwanted phase aber-
rations present in the SLM and the optics along the LG beam path. Significant time
and effort was therefore invested in minimising such variations to create the ideal trap-
ping environment for observing persistent currents. Helpfully, due to their wide range
of applications, considerable attention has already been paid to the estimation and
correction of abberations in SLM-based optical systems. A phase pattern is provided

with our SLM to correct for known aberrations measured at production, but further
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Figure 4.10: Schematic of the SLM-based Shack-Hartmann sensor (copied with permission
from [134]): The Shack-Hartmann array produces a grid of spots, where aberrations affect
the position of each spot. The corresponding reference array produces a grid of spots, where
aberrations affect spot shape but not position. By tracking the displacement of the spot centres
between the two arrays we construct a vector map which can be fit to directly recover the
wavefront.

aberrations introduced by our setup needed to be minimised. Below we outline the
two algorithms we implemented to detect and correct such aberrations, and our final

solution based on manual correction.

Shack-Hartman algorithm

Shack-Hartmann sensors employ an array of lenslets to focus a collimated beam into
an array of spots. The displacement of each spot is proportional to the tilt of the
wavefront at that point, and the resultant tilt information can be integrated to recover
phase information. An equivalent SLM-based Shack-Hartmann sensor is described in
[134], and illustrated in figure 4.10. The Shack-Hartmann array is first displayed on
the SLM, which is composed of a grid of circular apertures, each of which contains a
blazed diffraction grating of different pitch, such that each aperture focuses to a differ-
ent spot in the focal plane. Any aberrations present along a given spot’s optical path,
will displace the spot from its true position. To find these true positions the reference
array is then displayed, which creates a grid of spots where each spot comes from the
whole SLM. In this case aberrations will primarily affect the shape of the spots and
not the geometry of the grid. By measuring the displacement of the spots between the
Shack-Hartmann and the reference array, we construct a vector map of wavefront tilts
which can be fitted to recover the aberration present in the optical system. We then
correct for this aberration by simply displaying the negative of this phase map on the
SLM, which we refer to as the correction pattern.

The vector map of spot displacements are fitted to a linear combination of Zernike
polynomials, listed in table 4.1. Firstly this ensures a smoothly varying correction
pattern, and secondly it also ensures the correction pattern cannot include phase sin-

gularities. This is significant as it guarantees the correction pattern cannot change the
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Figure 4.11: Diagram of Gerchberg-Saxton algorithm for finding phase errors: The initial
conditions consist of the modulus of the field amplitude at the SLM plane |Egp|, which in this
case is a Gaussian, and an initial phase guess ¢g, which in this case is an ¢ = 1 phase winding.
The field A; is propagated to the imaging plane by a fast Fourier transform (FFT) creating
the field As. The amplitude of the field is replaced by the modulus of the target intensity
| Eimage|, in this case an image of the uncorrected LG beam, to create the field As. This field
is inverse propagated back to the SLM plane to create the field A4, the phase of which is our
improved estimate of the phase required to create the target image. This process is iterated
until convergence.

winding number of the SLM and hence the topological charge of the LG beam pro-
duced. The Shack-Hartmann algorithm provides a robust way to cancel aberrations
and significantly improved the quality of our LG beams. For bench-top tests, the algo-
rithm allowed us to obtain highly circular LG beams with a peak-to-peak variation in
azimuthal intensity of approximately 30%.

Unfortunately this algorithm has a major drawback for cold-atom experiments
where the focal plane of interest is always within a vacuum system and hence inac-
cessible. To observe the relevant spot arrays at the focal plane of the atoms we had
to use our vertical imaging systems, hence the algorithm cannot distinguish between
aberrations introduced before the focal plane, and those inherent in the imaging sys-
tem. To efficiently track spot displacements it is advantageous to have a large grid of
many spots filling up as much of the field of view as possible, but as we discovered our
vertical imaging system introduces significant distortion when imaging off the optical
axis. This resulted in the algorithm introducing a lot of lensing aberration at the focal
plane of the atoms to compensate for the distortion of the imaging system, and hence

the algorithm could not be implemented in our system.

Gerchberg-Saxton algorithm

The Gerchberg-Saxton (GS) algorithm is a phase retrieval technique designed to deal
with the problem of finding the phase ¢spm(z,y) of a light field by just knowing the

87



4.2 Optical ring trap

modulus |Eimage(kz, ky)| of its Fourier transform, and the modulus of the light field

|EsLm(, y)l:
| Eimage (Kz, ky)| explidimage (kz, ky)] = FFT{|EsLm(z,y)| explidsim(z, y)]} - (4.12)

In the paraxial approximation the light field at the imaging plane of a lens and the light
field at the SLM plane are related by a scaled Fourier transform. From this, one can
see the general problem of finding the SLM phase to apply to a known field modulus in
order to achieve a desired field modulus at the imaging plane, is a member of the class
of problems described by (4.12). As such, the GS algorithm (and extensions thereof)
has been implemented by several groups to calculate SLM patterns required to create
complex light fields and trapping potentials [118, 135, 136]. We note that incomplete
knowledge about the phase at the imaging plane means there may exist many phase
functions with amplitudes close to |Eimage(kz, ky)| which define local minima that may
prevent us from finding the global minimum. GS is a computationally efficient opti-
misation method for finding phases ¢gra(x,y) which minimise the difference between
| Bumage (ko k)| and [FET{| Bsag(z, )| explidsia(z )]},

The basic GS algorithm is sketched in figure 4.11. One provides the field modulus
at the SLM, |Esim (2, y)|, the target field modulus at the imaging plane, |Eimage(z, )|,
and an initial phase guess at the SLM plane, (;3(0). The initial field (A;) is propagated
to the image plane by a fast Fourier transform (FFT) and the modulus of this field
is replaced by the target field modulus, |Eimage(z,y)|. This field (A3) is back propa-
gated to the SLM plane by an inverse FF'T and the modulus of this field is replaced by
the known SLM field modulus, |Espm(z,y)|. This process is iteratively repeated until
convergence and the algorithm provides a best estimate of the phase to display on the
SLM which most closely solves (4.12).

This algorithm places no restrictions on the phase of the image field, which helps by
providing additional freedom to achieve the target modulus. However for the case of our
LG beam the phase at the image plane is vitally important as we need to preserve the
phase winding associated with the orbital angular momentum of the beam. As detailed
in [137] one can still use the GS algorithm to detect and correct for aberrations by using
an image of an uncorrected LG beam as the target amplitude and the phase winding
) = (0 as the initial phase guess. The GS algorithm will then converge on the phase
profile ¢sim = €0 + daperration, Providing the correction pattern deorrection = £0 — OSLM-

Due to the phase freedom inherent in the GS algorithm, convergence to this partic-
ular solution is strongly dependent on the amount of aberration present in the system.
Uncorrected LG beams which differ too greatly from a perfect LG beam will con-
verge to phase solutions differing from the addition of a phase winding and smooth,
singularity-free aberrations, and cannot be corrected using this method. Experimental
implementation of this method also suffers from several other pitfalls, namely accurate

knowledge of the input field modulus, |Espm(z,y)|, and precise centring and scaling of
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the target image to match the propagated SLM field intensity. These uncertainties can
lead to unnecessary lensing and phase singularities near the centre of the correction
pattern. Though difficult to implement, we were able to achieve peak-to-peak varia-
tions in azimuthal intensity of approximately 50%, and could use this method in the

actual system.

Manual correction

The two algorithms described above were instrumental steps along the way to achieving
smooth LG beams, but in the end we utilise neither. Our final correction procedure
is based on observations made during our attempts to implement these algorithms.
As shown in table 4.1, we can identify the addition of a given Zernike mode with
a characteristic distortion of the LG beam (column 4), and correspondingly in the
atom density (column 5). We can therefore approximately identify from the LG beam
shape and intensity profile which of the low order Zernike polynomials is present in
the aberrations and compensate by subtracting them from the correction pattern. The

general procedure is as follows

1. Careful alignment of the SLM optics is essential for getting sufficiently close to
implement any correction procedure. All optics should be kept clean and any
transmissive optics should be positioned as close to normal to the beam as pos-
sible. The quality of the initial beam on the SLM is very significant and any

fringing, or diffraction rings due to the fibre output package should be minimised.

2. Apply the desired phase winding, diffraction grating, and lensing to the SLM (The
correction is not universal and will not work for different windings or substantially
different gratings and lensings.) Also ensure the supplied Hamamatsu correction

pattern is added which corrects for most of the aberrations.

3. By looking at an image of the light on the camera one can remove nearly all of
the Z(2,—2) and Z(2,2) Zernike modes by walking the beam in the horizontal
and vertical direction. The target should be to produce an LG beam as close to

circular as possible.

4. Addition and subtraction of the eight Zernike modes listed in table 4.1 can be
done in real time by looking at the camera image and trying to produce as smooth
an LG beam as possible. Using this technique we can achieve azimuthal peak-
to-peak variations in the intensity of < 10%. Use of higher order Zernike modes
is not necessary and identifying their presence is beyond our imaging resolution

and not feasible to do by eye.

5. Aberrations present in our imaging system mean the true ring intensity profile

differs slightly from that imaged on the camera. Therefore, as we are concerned
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Table 4.1: Table of Zernike polynomials: The first three columns list the Zernike polynomials
which we use to correct for aberrations, including the functional form and phase profile. The
fourth column is a numerical calculation to illustrate how addition of the corresponding Zernike
polynomial to the SLM phase modifies the LG intensity profile at the focus. The fifth column
is an absorption image of atoms loaded into the corresponding LG beam. This distinctive
mapping between atomic density profile and Zernike polynomial allows us to manually subtract
excess Zernike orders, and hence cancel aberrations and achieve a smooth density profile.

with optimising the true trapping potential, we now modify our correction pattern

further by identifying Zernike modes present in the actual atom density, as shown

in column 5 of table 4.1. This stage is the slowest as correction cannot be done in
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real time as a new BEC must be loaded into the ring trap and destructively imaged
in situ to measure the effect of modifying the correction pattern. Typically within
20 iterations we estimate azimuthal peak-to-peak variations in LG intensity are
reduced to < 10%. Due to diffraction effects discussed in Section 3.9.3, to obtain
a true measure of the density profile it’s important to image on resonance, and
hence we use partial transfer absorption imaging to reduce the optical density
[79].

While laborious, this manual correction procedure is necessary for producing smooth
ring traps needed for sustaining superflow with very low atom density or in deep ring

traps using a high intensity LG beam.

4.2.6 Loading procedure

The normal criteria for loading a trap are maximising atom number transfer and min-
imising heating. When loading our atoms from the CDT to our ring trap, these criteria
are satisfied for a range of loading procedures, however we must consider a third,
stricter criterion. Due to the multiply-connected geometry of the ring trap, any os-
cillations induced during transfer which would normally dissipate and contribute to
heating, can now lead to unwanted, long-lived superflow. Our initial loading procedure
was done over 2 seconds, as no visible gains were observed for longer loading times.
When we then impart angular momentum, A¢, to the atoms by a two-photon Raman
transition (see Section 4.3) we observe a scatter of angular momentum states with a
mean magnitude of A(¢ 4 1). To prove this scatter was induced at loading we reverse
the frequencies of the Raman beams, hence reversing the ordering of absorption and
stimulated emission, and thereby imparting angular momentum —A¢ to the atoms. The
observed angular momentum states retain the same scatter but the mean magnitude is
reduced to A(¢ —1). Hence we conclude the loading procedure quasi-randomly stirs the
condensate with an average angular momentum +h. We therefore increased the load-
ing time to 6 seconds as shown in figure 4.14 and no longer observed any mechanical
stirring on loading.

Unfortunately we observe a slow drift in the position of our LG beam when the
experiment is running. Typically the experiment needs to run for over an hour (ap-
proximately 40 cycles) before the LG beam stabilises, by which point the beam has
moved approximately 30 pym at the atoms from its original starting position. The mag-
nitude of this motion is sufficiently large so as to misalign the LG beam with respect to
the sheet potential and create a pooling of atoms to one side of the ring trap. The origin
of this drift could not be discovered, so instead the system is allowed to “warm-up” for
a couple of hours before overlapping the ring and sheet potentials, by which point the

residual drift is much smaller and slower.
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4.3 Imparting angular momentum

Traditionally, orbital angular momentum has been transferred to BECs by some form
of mechanical stirring such as by a laser beam or an optical lattice. Such methods
have proven successful for many studies, including the creation of large vortex lattices
[31, 32], critical velocity studies [138-140], and the observation of vortex dynamics and
nucleation [141]. In general however, mechanical methods impart an unknown amount
of orbital angular momentum to the system and cannot be used to deterministically
prepare states of a given circulation. Recently an exception to this was achieved in
[102], where a well defined and deterministic ladder of circulation states was observed
as the rotation frequency of a rotating weak link was increased.

Another class of methods exist which involve imprinting a well defined phase wind-
ing onto the BEC wavefunction to deterministically prepare a state of known circula-
tion. The first generation of a vortex in a BEC employed such phase engineering by
using a rapidly rotating Gaussian laser beam to couple the external motion to internal
Rabi oscillations, allowing creation of a state with exactly one unit of circulation [30].
Doubly quantised vortices have also been topologically imprinted in condensates by
inversion of the axial bias field in a Ioffe-Pritchard magnetic trap [89, 142]. As the bias
field is inverted, the atomic spins adiabatically follow the field direction, remaining in
the same state with respect to the local magnetic field, but transitioning to a different
magnetic state with respect to the fixed lab frame. The nature of the field rotation
varies azimuthally and hence a topological phase factor is imprinted on the atoms which
can be interpreted as a manifestation of Berry’s phase [143]. This technique has also
been used to generate novel spin structures such as coreless vortices [144] and Skyrmion
states [145].

As discussed previously, LG beams carry well defined quanta of orbital angular
momentum along their direction of propagation, associated with their azimuthal phase
winding. As a result, several experiments have made use of this feature by coherently
transferring atoms with such a beam, and thereby imparting this angular momentum
to the atoms, or equivalently, imprinting the phase winding onto the condensate. To
coherently transfer the atoms to a stable state, these experiments use two-photon trans-
fers, which avoid population of the short-lived excited state and return the BEC to the
stable ground state, as explained in Section 3.2.3. The total angular momentum trans-
ferred in such a transition is then the difference between the two beams, which for the
Gaussian (G) plus LG beam configuration is simply ¢h per atom, where / is the angular
mode of the LG beam. For efficient transfer and to prevent multi-photon processes, the
initial and final state have to be energetically separated from one another. The energy
associated with rotation is typical of the order of a few Hz and is therefore insufficient
to prevent additional coupling of the final state.

The first experimental observations of such transfers are reported in [99, 146]. These
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Figure 4.12: Scheme for two-photon Raman transfer using G plus LG beams: The two Raman
beams are composed of our trapping LG beam which forms the ring trap, and a second, broad
Gaussian beam, co-propagating in the vertical direction. The basis of states we transfer between
are the mp = 1 and mpr = 0 magnetic states of the F' = 1 hyperfine level which are energetically
separated by wey =~ 7 MHz in an external bias field of ~ 10 G orientated in the plane of the
sheet trapping beam. The frequency difference between the G and LG beam is equal to the
Zeeman splitting, weq, plus the two-photon detuning, §. The Raman beams are both far red
detuned of the D1 and D2 transitions by an amount Ap; and Aps respectively to prevent
population of the upper state. With respect to the field the G beam is 7 polarised and the LG
beam is equal parts o= and o~ polarised.

experiments were similar to Bragg diffraction, in that the initial and final states are
different momentum states of the same atomic state differing by 2hk, coupled by a
counter-propagating Gaussian and LG{ beam. Atoms which undergo the transfer ab-
sorb a photon from one beam and stimulatedly emit a photon into the second beam
acquiring both linear momentum of 2hk, and orbital angular momentum of 4. The
recoil energy associated with this linear momentum, E, = 4(hk)2/2m, is sufficiently
large to energetically separate the initial and final states, however the linear momentum
kick causes oscillations of the final state within the trap. This problem is circumvented
in [99] by initially Bragg scattering the atoms into the 2hk state, and then after half
a trap oscillation period, the LG plus G transfer removes this linear momentum and
imparts orbital angular momentum.

For studying the decay of persistent currents it’s imperative that we prepare the
same circulation state every time. Therefore we employ the phase-engineering approach
described above, utilising the phase profile of an LG beam. Our method involves Ra-
man coupling two different magnetic sublevels of the !525’1 2, B = 1> hyperfine state,
|F'=1,mp =1) and |F = 1,mp = 0), using co-propagating LG and G beams, as illus-
trated in figure 4.12. This method is similar to that used in [100] and [147]. Unlike

[100], we use our LG trapping beam as one of our Raman beams, automatically ensur-
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Figure 4.13: Protocol for imparting rotation to ring shaped BEC: (a) While still in the CDT
the bias field of 10 G is applied to give time for the field to stabilise (step 3 in figure 4.14). (b)
As described in Section 4.2.6 the BEC is loaded into the ring trap, where the LG beam acts
as both trapping beam and one of the Raman beams (steps 4-6 in figure 4.14). (c) The second
Gaussian Raman beam is flashed on for ~ 200 us. The atoms undergo a two-photon 7 pulse to
the |1,0) state, acquiring ¢h units of orbital angular momentum. (d) The small, non-rotating
remnant (=~ 5%) left in the |1,1) state is immediately microwave 7 pulsed to the |2,2) state in
~ 40 ps. (e) A short imaging pulse (=~ 10 us) scatters the |2,2) atoms out of the trap leaving
only |1,0) atoms rotating in the ring trap. Steps (c)-(e) are all performed sequentially in step
7 in figure 4.14.

ing maximal spatial overlap between the BEC and the Raman beams. A second broad
Gaussian beam couples the two m g states, with both beams far red-detuned from both
the D1 and D2 transitions to minimise spontaneous emission and heating. The mp = 1
and mp = 0 states are energetically split by wey = 7 MHz by the application of a uni-
form bias field of about 10 G. The frequency difference between the Raman beams is
therefore equal to wey plus the two-photon detuning, J, which we aim to equal zero.
As discussed in Section 3.5, at this field the Zeeman splitting F(|1,0) — |1, 1)) differs
from E(|1,—1) — |1,0)) by 14.4 kHz, hence provided the two-photon Rabi frequency is
significantly smaller than this energy difference, the mp = —1 state can be considered
far detuned and the F' = 1 manifold reduces to a two state, or spin-1/2 system. The
polarisation of the Gaussian beam with respect to the field direction is w, and the LG
is equal amounts of o and o~ polarisation. Due to the energy difference of the beams
only the ot polarised light contributes to the Raman transition and hence the two-
photon Rabi frequency, however both polarisations contribute to the dipole potential

and inelastic scattering.

4.3.1 Rotation procedure

The rotation protocol used in Chapters 5 and 6 is outlined in figure 4.13.
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(a) While still in the CDT the states |1,1) and |1,0) are Zeeman split using the
antibias! field to apply a uniform field of 10 G. Early application gives time for
the field to stabilise and eddy currents to dissipate during loading of the ring
trap.

(b) The BEC is then loaded into the ring trap, where the trapping LG beam also

acts as one of the two Raman beams.

(c) The second Raman beam, a broad co-propagating Gaussian beam, is flashed on
two-photon resonance (§ = 0) for a time t, = 7/Qr ~ 200 us, performing a
7 pulse and flipping the state vector from pure |1,1) to pure |1,0). The atoms
absorb a photon from the Gaussian beam and stimulatedly emit one into the LG
beam, acquiring orbital angular momentum —£h, but no linear momentum. The
short pulse time and broad Gaussian minimise any oscillations induced by the

sudden change in the dipole potential.

(d) Uncertainties in the Raman beam power and field detuning mean a small fraction
(= 5 —10%) of the atoms remain in the |1,1) state. This small component is
found to fundamentally reduce the stability of persistent currents and has to be
removed. This is done by first transfering this remnant to the |2,2) state using
a microwave m pulse of t; ~ 40 us. The high Rabi frequency of the microwave

coupling dominates any fluctuations in detuning and ensures perfect transfer.

(e) We then apply a short resonant imaging pulse of ~ 10 us which scatters the |2, 2)
atoms out of the trap without affecting the rotating |1,0) state.

Following this rotation protocol the LG beam intensity is then typically ramped to its
final value over 3 seconds. The complete sequence diagram is shown in figure 4.14. We
note that cleaning up the non-rotating remnant is of vital importance to the stability of
the resultant superflow. This is in contrast to the results of Chapter 6 where we study
the stability of co-rotating mixtures and find all mixtures are stable for a few seconds.
Here we find that due to the relative rotation of the remnant in |1,1) and the bulk in
|1,0) any instability manifests itself within about 100 ms, and so we must remove the
remnant immediately following the Raman transfer.

A limitation of this setup is that the transfer procedure prepares a BEC with cir-
culation equal to ¢, the winding of the LG beam. To change the prepared circulation
of the BEC we change the azimuthal mode of the LG beam, and hence change the
trapping potential. Direct comparison of BECs with different initial phase winding in

the same trapping potential is therefore not possible.

'Power supply: Delta Elektronika SM 18-50

95



4.3 Imparting angular momentum

® @G ©®©

of @/

Sheet power

ODT power
LG power
Antibias field \
I

Sequence time (s)

Figure 4.14: Experimental protocol for preparing a persistent current: Red lines show the
ODT power, purple lines show the antibias field, blue lines show the sheet beam power, and
green lines show the LG beam power. The stages of the protocol are as follows: (1) 7 s:
evaporative cooling in CDT by ramping power down to 2.5 W (Section 3.7). (2) 200 ms:
adiabatic state transfer |2,2) — |1,1) (Section 3.8) and clean up remnant |2,2) atoms. (3) 200
ms: ramp antibias field to final value of 10 G for state transfers. (4) 1 s: ramp up sheet power
to 100 mW. (5) 1 s: ramp down CDT. (6) 5 s: hold in sheet only for 1 s, then ramp up LG
beam over 3 s and hold for 1 s. (7) & 200 ps: two-photon raman transfer |1,1) — |1,0) to
rotating state. (8) 3 s: ramp LG power to final hold value.

4.3.2 Raman wavelength

The absolute wavelength of the Raman beams is important for determining not only
the Rabi frequency, but also the dipole potential, Ugi,, and the inelastic scattering
rate, Rs.. This is especially important in Chapter 7 where we consider continuous
application of the Raman coupling. Using the far detuned limit for the dipole potential
and scattering rate derived in (3.42) and (3.43) respectively, and the form of the two-

photon Rabi frequency, Qg, given in (3.30), the relevant parameters of interest are

h(Q? + 9% ) h(Q? + 02
Z ( LG,D1 G,D1 _|_Z LG,D2 G,D2)

Ugip = , (4.13)
& 4Apy e 4Apa
(G ap + 92 01) (G ape + Q% o)
Re=T : LU : L2 ) (4.14)
(3 Blanz o), 5 Clom !
Qra,p1€a,p1 " a, 226, p2
Qp=>_ S > A (4.15)
D1 D2

where €2; ; is the Rabi frequency for the single beam i = {G, LG} for the transition
= {D1,D2}, and ), and ), are sums over the excited states of the D1 and

D2 transitions respectively. Here we have explicitly considered the D1 and D2 lines
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separately as we will use a single-photon detuning comparable to the energy difference
between the two transitions.

To calculate the Rabi frequency we sum over all allowed upper states in the two-
photon |1,1) — |1,0) transfer, including both D1 and D2 transitions. The appropriate

dipole matrix elements are found in [76] and lead to the expression

e ] 2 )
oot () o

Here we have included a factor of /1/2 as only half the LG polarisation is of the

correct handedness, and we assume we are sufficiently detuned that we can neglect

energy splittings within the hyperfine levels. We can simplify the expressions for the
scattering rate and dipole potential by using the relation [76]

(Jler |J'y = (LSJ|er|L'S"J")

/ L L' 1
L|er|L’ 1)/ +HLALES | f(or ¢ )(2L~|—1){J/ 5 S}’ (4.17)

where the final term is a Wigner 6 — j symbol. Using this we relate the two dipole

matrix elements

(J=1/2|er|J =1/2) = (L =0|er|L=1) (4.18)
(J=1/2]er|J' =3/2) = V2(L =0|er|[L=1). (4.19)

Making use of the relationship between linewidth and dipole matrix element

le
4.20
37r60hc3 [P, (4.20)

where d = (L = 0|er |L' = 1) is the matrix dipole element and wp; is the D1 transi-
tion frequency, we obtain the general expressions for the dipole potential and inelastic

scattering rate [58]

7T02F 2+PgFmF 1—PgFmF
Ui = I 4.21
i) = o (FEEE 4 LI 1) (@21
T2 (24 Pgrmp 1 — Pgrmp
RSC(r) = < > I(I’), (422)
2hwi, Ady A

where P characterise the laser polarisation (P = 0,41 for linearly and circularly o®
polarised light respectively). Our Gaussian light is 7 polarised (P = 0) and the LG
light is equal ot and o~ polarised, hence the dipole potential (4.13), scattering rate
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(4.14), and Rabi frequency (4.15) for the Raman setup simplify to

7l 2 1
Uan(®) = 55 5y + 3y ) (B (e) + (e (423
Tc*l? (2 1
(1) = I I 4.24
Rele) = g (5 + ) Usele) + Ioto) (1.21)
7l 1 1 Irg(r)Ig(r)
() = 5 < A Am) s (4.25)

The Rabi frequency, dipole potential, and scattering rate are plotted in figure 4.15
as a function of Raman beam wavelength. Both the scattering rate and Rabi frequency
scale as 1/A2, hence to minimise heating and decoherence effects, we wish to detune
far from single-photon resonance, so long as the laser power is still sufficient to drive
the transition. The lower threshold for the Rabi frequency is limited by the field stabil-
ity. As shown in (3.11), the BEC undergoes Rabi oscillations at an effective frequency
which is dependent on the on-resonance Rabi frequency, 2, and the detuning from
resonance, 0. Therefore to accurately perform a 7 pulse, 2z must dominate fluctua-
tions in the detuning. We empirically estimate our field fluctuations to be ~ 300 Hz,
and hence aim for a Rabi frequency of about 3-4 kHz.

The optimal configuration to maximise the Rabi frequency is to have equal intensi-
ties in the LG and Gaussian beams, however residual roughness in the LG beam profile
demands that to maximise superflow stability we must use the minimum LG power
required to create a multiply-connected geometry. This will also minimise the heating
rate while the superflow persists in the ring trap, and hence maximise the BEC lifetime.
The LG power required to produce a ring trap is only on the order of tens of W, hence
to achieve high Rabi frequencies we need the majority of the power in the Gaussian
beam. To minimise the dipole effect produced during the 7 pulse when the Gaussian
beam is flashed on, a large Gaussian beam waist of ~ 100 pum is used to minimise the
force from gradients in the dipole potential. Based on these criteria we chose a Raman
wavelength of A = 804 nm which produces a low scattering rate. The power in the LG
beam is limited to tens of W by the requirement of a smooth ring potential, and hence
to compensate for the low Rabi frequency at this wavelength we use several hundred
mW of power in the Gaussian beam.

We also note that due to interactions with both D1 and D2 lines, a special point
exists at A = 790 nm where the dipole potential vanishes, but the Rabi frequency re-
mains large. This has potential applications for achieving strong Rabi coupling without

modifying the trapping potential of the atoms.
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Figure 4.15: Effect of Raman beam wavelength on dipole potential, two-photon Rabi fre-
quency, and inelastic scatting rate: The left plot illustrates the effect of Raman wavelength on
dipole potential, which scales as 1/A for large detuning. The middle plot shows the two-photon
Rabi frequency and the right plot shows the inelastic scattering rate, both of which scale as
1/AZ? far from resonance.

4.3.3 Raman beam setup

We generate the two Raman laser beams using the setup illustrated in figure 4.16. The
laser light is produced using a Ti:Sapphire laser! pumped with an 18 W green laser?.
The Ti:Sapphire is a CW laser with tunable wavelength over the range 700 to 1030
nm, providing complete freedom in the wavelength of our Raman beams. Importantly
the rms linewidth of the laser is < 75 kHz, equivalent to a coherence length of over 4
km. This ensures coherence between the two Raman beams regardless of their relative
path difference. The large output power of the Ti:Sapphire of up to 4 W permits us to
achieve high Rabi frequencies and compensates for significant losses within the dual-
pass AOMs and fibre coupling.

We create our two Raman beams of orthogonal polarisation and relative frequency
difference wey, by passing the light through an 80 MHz AOM? and splitting it off a
PBS cube into two beams of orthogonal polarisation with relative power controlled by
a half-waveplate. We then shift the frequency of each of these beams using a dual-pass
AOM* setup, with the Gaussian beam frequency shifted by 2 x 80 MHz and the LG
beam frequency shifted by 2 x (80 MHz—wc,4/2), thus matching the two-photon res-
onance condition. Using two dual-pass AOM setups allows us to vary the frequency
of the Raman beams without altering the alignment into the fibre. To ensure phase
coherence between the two beams we drive the two AOMs by function generators® con-
nected in a phase-lock-loop configuration, where one acts as the master oscillator for
the other. To provide precise control of the AOM switching times needed for 7 pulses,
we use an RF switch® to control the signal to each AOM.

Power stabilisation of the two Raman beams is achieved by picking off weak reflec-

!Coherent Ti:Sapphire MBR-110
2Coherent Verdi V18

3Crystal Technology Inc. 3080-125
4Crystal Technology Inc. 3080-125
5 Agilent 33250A

5Mini-Circuits ZYSWA-2-50-DR
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Figure 4.16: Overview of Raman laser system: The Raman laser light is generated by an
optically pumped tuneable wavelength Ti:Sapphire laser capable of outputting up to 4 W of
laser light. An AOM provides switching for both Raman beams and power stabilisation for
the Gaussian beam. The relative power distribution between the LG and Gaussian arms is
controlled by a half-waveplate before the first PBS cube. Both LG and Gaussian light then
go through a dual-pass AOM, shifting the frequency of the Gaussian light by 2 x 80 MHz and
that of the LG light by 2 x (80 MHz—w.4/2) to match the energy difference between the |1, 1)
and |1,0) states. Both arms include microscope slides which pick off weak reflections towards
photodiodes used for PID-based power stabilisation. The frequency shifted Raman beams are
then recombined on the PBS cube and are coupled into a polarisation-maintaining fibre. The
output of this fibre is that shown in figure 4.7.

tions towards monitor photodiodes using microscope slides inserted in each beam path.
The photodiodes provides a signal for a PID which alters the AOM efficiency to match
the monitor signal to a reference signal provided by the control software. The same
setup is used to stabilise the CDT (Section 3.7) and sheet beam (Section 4.2.1) pow-
ers. The LG beam power is stabilised by changing the LG frequency AOM efficiency
while monitoring the light level after the dual-pass AOM. This cannot be done for the
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Gaussian arm, as the G frequency AOM is only flashed on for a few 100 us during the
Raman 7 pulse which is too fast for the PID to respond to. We therefore only stabilise
the power incoming to the Gaussian dual-pass AOM by altering the efficiency of the
first AOM which is common to both Raman beams.

After passage through the dual-pass AOMs the two polarisations are then recom-
bined on the PBS cube and coupled into a single-mode polarisation maintaining fibre!.
To ensure the polarisations of the different frequency components remain orthogonal
the input polarisation is aligned with the axis of the fibre using a half-waveplate. While
we do observe some contamination of the polarisation for each frequency at the fibre
exit, this is on the order of a couple percent and has no discernible effect on the Raman
transfer.

The two Raman beams exit the fibre shown in figure 4.7. As described in Section
4.2.3 the LG beam with horizontal polarisation and frequency shifted —w,, with re-
spect to the Gaussian beam is sent towards the SLM. The Gaussian beam with vertical
polarisation and frequency shifted 4w, with respect to the LG beam is telescoped
down = 10 : 1. This produces a small beam which focuses to a large beam at the
atoms. This minimises the optical force exerted during the 7w pulse and helps ensure
the Rabi frequency is equal at all points around the ring. The vertical imaging light is
overlapped with the Gaussian beam on a 90 : 10 glass sampler inserted in the Gaussian

path, thus discarding 10% of the Gaussian light and 90% of the vertical imaging light.

4.3.4 Coherent Raman Rabi oscillations

To test the suitability of our Raman beams for performing coherent Rabi oscillations we
first used two Gaussian beams in a modest field of 1.67 G, corresponding to a Zeeman
splitting of 1.17 MHz. At this field the splitting between the |1,1), |1,0), and |1, —1)
states are essentially equal and the Raman beams couple all three states. Our initial
attempts at Rabi oscillations are illustrated by the plot in figure 4.17 (a), where we
observed clear decoherence and the system quickly tended towards equal populations
in all three states. The phase coherence between the Raman beams was checked by
interfering the two Raman beams and observing phase stability well below 1 Hz.

The cause of the decoherence was indicated by the absorption image in figure 4.17
(b), which is an 18 ms TOF image of the Raman-coupled BEC without a Stern-Gerlach
field applied. We observe two satellite lobes above and below the BEC, the position of
which is not due to any magnetic gradient acting on different magnetic sublevels. The
position of these lobes is consistent with atoms receiving a momentum impulse of +2hk
during the Raman coupling, hence the co-propagating Raman beams were able to Bragg
scatter some fraction of the BEC. This is consistent with the Raman beams interacting
with a weak counter-propagating reflection, enabling coupling to different momentum

states. In addition we observed significant heating and atom loss when applying Raman

Thorlabs P3-630PM-FC-10
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Figure 4.17: Plots of both incoherent and coherent Raman Rabi oscillations: (a) Strongly
damped, incoherent, Raman Rabi oscillations are observed due to weak counter-propagating
reflections coupling different momentum states. (b) 18 ms TOF horizontal absorption image
of the BEC following Raman coupling. The position of the small clouds above and below
the BEC are consistent with the momentum states +2%k. Such momentum states are due to
Raman coupling from the Raman beams and weak counter-propagating reflections from the
vertical imaging camera, and are absent if the camera path is blocked. (¢) Coherent Raman
Rabi oscillations with the vertical camera reflection blocked. The data is fitted to a three-state
solution of the rate equations, from which we extract the two-photon Rabi frequency, Q2 = 20
kHz, and the two-photon detuning, § = 1.8 kHz.

coupling near resonance. The problem was solved by placing a shutter in front of the
vertical imaging camera which was the main source of the reflection. A short-pass filter
(A < 790) nm was also placed in front of the camera to transmit imaging light but
block Raman light which would otherwise saturate the camera.

The resultant Raman Rabi oscillations are shown in figure 4.17 (c¢). Without
coupling to different momentum states we now observe coherent population transfer
over multiple cycles. Fitting this data with the appropriate three state model, we
find a Rabi frequency of ~ 20 kHz and a two-photon detuning of ~ 1.8 kHz. Similar
coherent transfer is observed for our Gaussian and LG setup with lower Rabi frequency,

permitting use of a coherent 7 pulse to impart angular momentum to the BEC.

102



4.4 Detecting angular momentum

4.4 Detecting angular momentum

Following our rotation procedure we transfer over 90% of the atoms to the |1,0) state,
which flows around the ring trap with orbital angular momentum ¢A per atom. Fun-
damentally though, the atomic density observed is identical to the stationary case,
and therefore measuring the angular momentum present can be challenging. This
is especially true when considering the energy associated with the rotation is E, =
(¢h)?/(2mR?), where m is the atomic mass, and R is the radius of the ring. For our
typical trap parameters (R = 12 pum) this only corresponds to E,./h ~ 0.4¢% Hz.
Circulation in a BEC is usually detected by a kinematic method, where an ab-
sorption image is taken at long TOF and density dips are observed associated with
vortices. The characteristic size of a vortex in trap is equal to the healing length,
&= \/W as derived in (2.64), which is typically less than a um, and hence cannot
usually be resolved by an in situ image. By allowing the condensate to freely expand
before imaging, the velocity associated with the azimuthal flow around a vortex core
causes the hole to expand to a size above imaging resolution. The presence of a vortex
in a condensate has also been detected by measuring the resultant precession in the
axes of the quadrupole mode in the direction of the circulating vortex flow. The circu-
lating velocity breaks time-reversal symmetry and splits the two otherwise degenerate
modes which contribute to quadrupole oscillations. The magnitude of the splitting is
dependent on the angular momentum present in the system and can be directly inferred
from the rate of precession of the mode [38]. The phase winding present in a rotating
condensate has also been directly observed using matter-wave interference [30, 33].
Here we detect the circulation present in our ring BEC by both a matter-wave in-
terference method, and by observing the formation of density dips at long TOF. Due
to the necessity of a non-rotating, reference state for the interferometric method, the
quantitative studies on persistent currents presented in Chapters 5 and 6 exclusively

use the kinematic detection method.

4.4.1 Matter-wave interference

The procedure for converting the phase winding to a density modulation by matter-
wave interference is shown in figure 4.18 (a). The initially stationary ring BEC in the
|1,1) state is coherently transferred to an equal superposition of the rotating |1,0) and
stationary |1,1) states by a Raman /2 pulse. A subsequent RF 7/2 pulse mixes the
two states, creating an equal superposition of stationary and rotating atoms in each
spin state. The resultant interference creates a density modulation, with the number
of interference peaks equal to £. Imaging just one of the spin states using a microwave
transfer to the F' = 2 state, we obtain the absorption images shown in figure 4.18
(b), confirming the phase imprinted by the LG plus G Raman transfer. The density

modulations of the two spin states are m out of phase, hence imaging the total density
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of both states by repumping to the F' = 2 state, we only observe the initial smooth
density profile.
We can quantitatively explain this procedure by describing the BEC in a coherent

superposition of internal states 1 and 2, labeled by the two-component vector

SN 8 210
U(h) = (%(9)> ; (4.26)

which for our initial state is

By (0) = \/12? (é) . (4.27)

We can then define the Raman /2 and RF 7/2 operations by the matrix operators

1 (1 e 1 (1 1
U(Raman),ﬂ’/Q = ﬁ it _q ) and U(RF)Jr/Z = E 1 —1 (428)

respectively. With this notation the final state of our interference protocol is

\11(0) = U(RF),W/QU(Raman),Tr/Q\IJO(0) (429)
1 (14
= — . 4.30
2V/2m <1 - e"€9> (4.50)
The final density distributions of the two spin states are then given by

n(0) = U1 ()2 = % sin?(£6,2) (4.31)

na(0) = [Wa(0)? = % cos2(£0/2), (4.32)

in agreement with our experimental findings. In principle one can include a delay
between the Raman and RF pulses. The number of density fringes is then a measure
of the circulation which persists beyond the delay time, and the observed precession
of the fringes is sensitive to rotation of the frame of reference, acting as a Sagnac
interferometer. In reality we observe a rapid degradation of the interference pattern
for delays longer than 50 ms due to the presence of two effectively counter-rotating
spin states. This is true even with the inclusion of an “echo” RF 7 pulse at half the
delay time, which swaps the spin states and should negate the accumulated relative
phase between the two states'. This is in contrast to the calculations of [111] where the
fringe pattern is predicted to be stable due to the relatively close inter and intra-state
scattering lengths. The effect of having two spin states in the ring is discussed further
in Chapters 6 and 7.

!Exact cancelation of the accumulated phase is only expected in the single mode approximation
where only the zero energy mode contributes [148]
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Figure 4.18: Interferometric detection of the imprinted phase winding: (a) Interference pro-
tocol for interfering a rotating BEC with a stationary BEC. A Raman 7/2 pulse coherently
transfers only half the population into the rotating |1,0) state. A subsequent 7/2 RF pulse,
which carries no angular momentum, mixes the states so that in each spin state we get an inter-
ference of rotating and non-rotating atoms. This matter-wave interference converts the phase
winding into a density modulation in each spin state, with the number of density peaks equal
to £. (b) Absorption images of the original ring density profile and the resultant pattern in the
|1,1) state following the interference protocol for £ = 3,5,10, and 15. Bottom plots show the
atom density of the interference fringes as a function of the azimuthal coordinate, normalised
to the original atom density.

4.4.2 Kinematic detection in time-of-flight

As discussed in Section 2.4.3, the flow velocity about a vortex scales as 1/r and hence
is associated with an angular momentum barrier, h2¢2 /2ms?, leading to a density sin-
gularity along the vortex core. Due to the mean-field energy of the cloud in trap,
the atoms can climb this 1/72 potential and acquire kinetic energy as tangential flow
velocity. When the BEC is released in TOF the mean-field energy is given up to ballis-
tic expansion, however the angular momentum barrier due to circulation persists and
causes the density dip due to the vortex core to expand and become resolvable. Nu-

merical simulations of such expansion from a rotating annular BEC are done in [149],

105



4.4 Detecting angular momentum

(@ (b)

~~
o
A
—~~
o)
N
=

® Non-rotating
® Rotating

Hole radius (um)
Radial density

5 10 15 20 25 30 ! . . y
TOF(ms) 0 Radial distance (um) 70

Figure 4.19: Kinematic detection of circulation in TOF expansion: (a) By ramping down the
LG beam and transforming to the simply connected sheet trap, the BEC pushes up against the
angular momentum barrier. The size of the vortex hole, &, is set by equating the interaction
energy, given by u, and the kinetic energy associated with rotation, given by h2¢2/2mr2. Re-
moving the trapping potential causes atoms to move away from the angular momentum barrier
and a central hole to form in TOF, the size of which depends on ¢. (b) Top view absorption
images of non-rotating (left) and ¢ = 3 rotating (right) BECs after 29 ms TOF expansion from
the reconnected trap in (a). We use the fitted radius, R, to quantify the rotation of the cloud.
(c) Calculation of central density hole radius versus TOF for the circulation states £ = 3 (blue),
¢ =2 (green), and ¢ = 1 (red). This calculation assumes ballistic expansion of the cloud and
calculates the minimal radius at which the density is non-zero. (d) Azimuthally averaged radial
density profiles of the images in (b) for both the rotating (red) and non-rotating (blue) clouds.
This illustrates the sharp density cutoff due to rotation, which is in reasonable agreement with
the cutoff predicted by our simple calculation, Ry—3, indicated by the dashed black line.

where the size of the hole formed in TOF is shown to be dependent on ¢, and hence
can be used to detect the rotational state of the condensate in the trap.

In our ring trap the atoms are held far from the axis of rotation by the ring trapping
potential and hence have a low azimuthal flow velocity. For our typical parameters of
ring radius 7p; = 12 pm, and circulation ¢ = 3, the flow velocity is vs = ¢h/mryr ~ 0.18
mm/s. When the atoms are released from the ring trap, the interaction energy is con-
verted to kinetic energy and the atoms expand in all directions, including inwards
towards the axis of rotation. The initial radial velocity dominates over the initial tan-
gential velocity associated with any rotation present, allowing atoms to approach very

close to the vortex core. While the density singularity at the centre never vanishes, this
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4.4 Detecting angular momentum

method requires very long TOF before the density dip due to rotation is observable.

In order to resolve the density hole from rotation we find it necessary to first grad-
ually remove the LG beam and transform the trap into a simply-connected geometry
formed by the sheet trap alone. This has the advantage of bringing atoms close to
the axis of rotation and increasing the azimuthal flow velocity. It also reduces the
mean field energy, reducing the expansion velocity upon release, and since the vertical
confinement now dominates over the horizontal confinement, the mean field energy is
predominantly released in the vertical direction. The LG beam is ramped off slowly
over about 100 ms, before the sheet beam is turned off a few ms later. As discussed in
Section 4.5, once the ring trap is removed the rotating state is no longer protected and
eventually decays. To gain an accurate measure of the angular momentum, the BEC
is only briefly held in this reconnected trap before the vortices have a chance to break
apart to lower-angular momentum states. The BEC is then imaged at 29 ms TOF along
the axis of rotation. Figure 4.19 (b) shows a typical absorption image of a non-rotating
BEC, and a BEC transferred to the rotating state using ¢ = 3. The non-rotating BEC
has a density maximum at the centre as expected, whereas the rotating BEC exhibits
a central density hole. We fit the high density ring surrounding this hole to an ellipse,
and quantify the rotation of the cloud by the geometric mean of the major and minor
axes, R. The circular symmetry of the density ring in TOF is found to be strongly
dependent on the alignment of the ring trap with the sheet trap. We therefore align
the LG beam with the sheet trap minimum looking at the density ring in TOF, with
the aim of having circularly symmetric density.

Figure 4.19 (a) illustrates a BEC held in the reconnected sheet trap with a centrifu-
gal barrier at the origin due to rotation with ¢ units of circulation. We can obtain a
reasonable estimate of the radius of the density hole due to rotation at long TOF by
considering the expansion as ballistic, and neglecting the effect of interactions during
TOF. To first order this is correct since the vertical trapping frequency in the sheet
dominates over that in the plane, and therefore nearly all the mean field energy quickly
goes into the vertical expansion of the cloud. Equating the force due to the potential
gradient and the radial acceleration, we obtain the equation of motion for atoms at

position r
d?r(t) h2¢?

= . 4.33
dt? m2r3(t) (4.33)
Solving this for the initial conditions, r(t = 0) = ro and dr(t)/dt = 0 gives
h20?
2 2 2
t) = te. 4.34
O =1+ (4.34)

To illustrate the density profile we might expect to evolve during TOF we consider the

trajectory of the point in the trap, r*, which travels the shortest distance from the axis
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of rotation during time-of-flight, ¢. This if found by solving dr(t)/dro = 0:

20242 1/4
= ( > . (4.35)

m?2

In our simple picture, atoms located at r* in the trap end up closest to the axis of
rotation in TOF, with all other positions in-trap travelling further from the origin.
Using our expression for r* as the starting point r in equation (4.34), we obtain the
radius, Ry(t) = v/2r*, of the density hole in TOF within which the density is zero due
to rotation. We therefore find that the area of the hole formed in TOF is proportional
to the angular momentum state of the atoms, R(¢)? o ¢. The radius R() is plotted
as a function of ¢ for the circulation states ¢ = 3,2 and 1 in figure 4.19 (c). From this
we anticipate that at 29 ms TOF the zero-density hole will have a radius 6.5 ym, 9.2
pm, and 11.2 pm for the circulation states ¢ = 1,2, and 3 respectively. Calculating
the ballistic expansion of the initial Thomas-Fermi density for a BEC in the sheet plus
centrifugal barrier potential shown in figure 4.19 (a), we find that the density in TOF
monotonically increases with decreasing radius, until reaching the cutoff value Ry(t).
In figure 4.19 (d) the azimuthally averaged radial density profiles of the rotating
and non-rotating clouds at 29 ms TOF are shown. The black dashed line indicates
our calculated density cutoff, Ry—g = 11.2 um, which is in surprisingly close agreement
with the inflection point of the profile. Due to the effect of interactions during TOF
which we neglected, this cutoff is rounded off and the peak density is actually shifted
to a slightly larger radius than R,. The size of this discrepancy is empirically found to
be a function of atom number, with the value of the peak radius for a given circulation

state decreasing with atom loss, and tending towards values in agreement with Ry.

4.5 Vortex dynamics in a connected geometry

In the next chapter we unequivocally show that superflow in a ring shaped BEC is
fundamentally stable and protected from decay due to the trapping geometry. We
first conclude this chapter with a brief discussion of vortex dynamics and decay in a
simply-connected BEC. Vortices are excited states of motion and therefore energeti-
cally unstable towards relaxation to the ground state where the condensate is at rest.
However, as discussed in Section 2.4.3, quantisation of circulation constrains the decay,
and a vortex in a BEC cannot simply fade away by continuously dissipating its en-
ergy. As calculated in equation (2.97) the energy of a multiply charged vortex scales as
the square of the circulation, and therefore it is energetically preferable for a vortex of
charge ¢ to break up into ¢ singly charged vortices. It has been shown both numerically
[150] and experimentally [89] that multiply charged vortices in a harmonic potential
are not energetically stable. Multiply quantised vortices are found to decay into singly

quantised vortices and transfer their kinetic energy to excitation modes. Such insta-
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bility is referred to as dynamic instability and is driven by atomic interactions even at
zero temperature, and is different from dissipation due to interactions with the thermal
component [151]. The timescales of such dynamic instabilities is fairly short, quickly
establishing the large vortex lattices observed in [31, 32].

Such multiply charged vortices can become stable under sufficient rotation of the
system [152] or by the presence of localised pinning potentials [90]. For pinning locations
of sufficient size, the energy reduction of localising several vortices at the density dip
and creating a ‘giant’ vortex state can outweigh the cost of having multiple circulation.
Such multiply quantised vortices have been observed at pinning sites in superconduct-
ing systems [153] and BECs [91]. Equivalently, the large density hole we measure in
TOF in figure 4.19 (b) is essentially a multiply quantised vortex which forms due to
the pinning potential of our ring trap, where the vortices are pinned inside the ring
trap where the density vanishes. In [154], giant vortex states are prepared by applying
a blue-detuned laser to a vortex aggregate of many singly charged vortices which pins
many vortices creating a giant vortex core of up to 60 phase singularities. Other pro-
posals for the formation of stable multiply charged vortices involve rapid rotation of a
BEC in a high power-law trap [150, 152].

A singly charged vortex is dynamically stable and therefore the vortex state can
only decay by annihilation with another vortex of opposite circulation or in the presence
of dissipative processes. At finite temperatures the vortex scatters from thermal exci-
tations, transferring energy from the vortex to the thermal cloud causing the vortex to
spiral outwards towards the border of the condensate where it then decays to elementary
excitations [155]. There have been several experimental studies on vortex dynamics,
including single vortices [156], small clusters of co-rotating vortices [89, 157, 158], and
vortex dipoles [141] which are of particular interest for understanding the Berezinskii-
Kosterlitz-Thouless (BKT) transition [159].

In figure 4.20 we present our observations of the decay of a multiply charged vor-
tex held in a reconnected trap with initial charge ¢ = 5 and ¢ = 3 for (a) and (b)
respectively. We first prepare superflow in the ring trap using the rotation procedure
explained in Section 4.3.1, using LG beams of different azimuthal modes ¢ = 5 and
¢ = 3 for the two sequences. The LG beam is then ramped down over 3 seconds and
the BEC is held in the simply connected sheet trap only. In the ring trap, motion of
vortices through the BEC has an associated energy cost, hence the circulating state
is metastable and does not decay. Once the ring trap is removed this protection is
also removed and the lowest energy configuration is for the vortices to redistribute
themselves within the BEC. For both sequences the initial multiply quantised vortex
of charge ¢ = ¢ takes about 5 seconds to break up into ¢ singly charged vortices, after
which these vortices move to the BEC edge and decay over the following 10 seconds or
so. The dynamics timescale for vortices to break apart and the dissipative timescale

we observe for vortices to decay are both quite long compared to those reported in
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Figure 4.20: Vortex dynamics in reconnected sheet trap: For both sequences we prepare
superflow in the ring trap with ¢ units of circulation, where £ = 5 and ¢ = 3 for (a) and (b)
respectively. The LG beam power is then immediately ramped down over 3 seconds and the
rotating BEC is held in just the sheet trap for a variable time before we absorption image at
29 ms TOF. (a) The giant vortex with charge ¢ = 5 persists for a couple seconds but quickly
distorts in shape. Within 7 seconds the giant vortex has completely broken up into 5 singly
charged vortices. Over the next 10 seconds the vortices gradually migrate to the cloud edge
and dissipate due to interactions with the residual thermal atoms. The final single vortex is
found to typically persist for over 20 seconds. (b) The same sequence is repeatedly for a giant
vortex with initial charge ¢ = 3. The dynamics and decay in this case occur in a similar fashion
and timescale to that observed for the ¢ = 5 vortex.

[89, 158]. Several of the images exhibit pleasing symmetry which we could interpret as
the formation of stable vortex structures as reported elsewhere [157, 158], however this
would require further statistics or real-time imaging as done in [156] to confirm.

For both cases we observe images where the giant vortex has broken up into singly
charged vortices, the number of which equals the initial circulation of the BEC, . Apart
from being a quasi-random process, this is not a true measure of the angular momen-
tum state, L, of the BEC like the kinematic detection method in Section 4.4.2. As
explained in equation (2.96), L for a cylindrically symmetric BEC containing a vortex
is only equal to A per atom if the vortex is on the axis of symmetry. If the vortex moves
towards the BEC edge, although the circulation is still quantised, L decreases and is
dependent on the vortex position. Both the number of vortices and their position are
dependent on L, so simply counting phase singularities in TOF cannot unambiguously

tell us the angular momentum state of the BEC in the ring.

4.6 Conclusion

This chapter has outlined the experimental implementation of our ring trap, and the
procedure we use for both preparing and detecting angular momentum states. Partic-

ular care has been taken to explain the aspects of the experiment we found integral to
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preparing a state of well defined and known circulation. This forms the backbone for
our studies on persistent currents, in which we always infer any decay events by assum-
ing the initial state of the BEC. We have provided a brief overview of ring traps and
their uses in ultracold gases, and have illustrated their significance to the preservation
of persistent currents by observing vortex dynamics and decay in a simply connected
trap. In the following chapters the ring trap is kept on and the methodology explained

above is used to prepare persistent currents and study their stability.
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Chapter 5

Quantised decay of persistent currents

Having discussed how we prepare a persistent current of well defined initial angular
momentum in Chapter 4, in this chapter we study the stability and decay of such
superflow. To clarify our discussion we introduce the parameter ¢, where the phase of

the BEC wave function, ®(r), winds around the ring an integer multiple, ¢, times 2m:
®(r,0,2) = O(r, z)e', (5.1)

where we assume azimuthal symmetry of the condensate density. This is to distinguish
q from /¢, the phase winding of the LG beam which forms our ring trap, and which is
initially imprinted on the condensate wavefunction. Hence at t = 0 the phase winding
of the condensate and LG beam are equivalent, ¢ = ¢, but as the superflow decays ¢
will decrease, and it is this evolution which we study.

The physical origin of supercurrent metastability is qualitatively illustrated in fig-
ure 5.1 (a). For N atoms held in a ring trap, the angular momentum for any atom
is quantised, however the average angular momentum per particle in general need not
be. For a superfluid gas, the presence of the condensate means that such quantisation
is energetically preferred, and hence we can map the rotational state of a ring shaped
superfluid onto the parabolic washboard landscape in figure 5.1 (a) which depicts the
energy E of the superfluid system for different fixed values of the total angular mo-
mentum L!. The local minima of E correspond to topologically distinct metastable
states with L/N = gh. A direct Aq = 1 transition between two such minima involves a
discontinuous 27 phase slip in the condensate wave function, occurring when a singly
charged vortex crosses the annulus. The energy barrier between two adjacent minima
corresponds to the barrier felt from a vortex core when trying to move toward a region
of higher density, arising from the nonlinearity of the GPE.

The origin of such metastable energy minima at integer ¢ can be demonstrated
using a simple toy model presented in [13]. Here we consider a weakly interacting Bose
gas at T' = 0 trapped in a narrow annulus with thickness much smaller than its radius
R. If we only considers occupation of the non-rotating state |0), and the state with an-

gular momentum A per particle, |1), the energy of this system has the familiar Noziéres

! At nonzero temperature the same picture holds but with E replaced by the free energy.
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KA

Figure 5.1: Origin of metastability and decay of supercurrents: (a) Energy landscape of a
ring-shaped superfluid. Local minima correspond to metastable states with quantised angular
momentum per particle, L/N = gh. Energy barriers correspond to placement of a vortex
within the superfluid, reducing the total angular momentum and modifying the condensate
wavefunction. (b) Decay between the discrete ¢ states involves a vortex-mediated phase slip,
illustrated here for ¢ = 5 — 4.
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where V' is the system volume, R is the radius of the ring trap, ¢ is the strength of

E

contact interactions (2.32), and Ny and N; are the number of particles in the |0) and |1)
states respectively. Hence in general, fragmentation of the condensate is energetically
inhibited due to interactions, leading to energy minima at quantised angular momenta
for Ny = N and Ny = N, similar to that shown in figure 5.1 (a). For suitably weak
interactions the energy minimum at N = N; disappears and the system cannot support
persistent currents, as was shown in [160, 161]. The criteria for stability of ¢ = 1

supercurrents is then simply given by

OF
— <0 (5.3)
ONy Ni=N
h? gN
— 4
2mR2 < 1% (5:4)
2gN
S xr 55
vy <[ (5.5)

where we have used the form of the superflow velocity vy = i/mR. From the expression
for the sound speed in a uniform system (2.62) ¢ = \/gN/—mV, we see, apart from
a factor of v/2, this takes the familiar form of the Landau criterion with a critical
velocity set by the speed of sound, vs < ¢. Such a simple calculation captures the
behaviour of our system surprisingly well, but we note that even at zero temperature,
due to interactions one should really consider the population of many higher angular
momentum rotation states.

More generally, a superfluid can, in principle, also shed angular momentum in ways
that break the L/N quantisation. Such a proposed decay mechanism is the formation

of grey solitons which allow a continuous change in angular momentum [162]. Another
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way is condensate fragmentation, where the BEC splits into two or more condensates
with differing angular momenta per particle, however such a mechanism is expected to
be suppressed due to the factor of 2 in the interaction energy arising for distinguishable
particles. The dominant superflow decay mechanism depends on the system’s geometry,
temperature, and the strength of interactions. Associated with this decay mechanism
is a critical velocity, v., where for flow speeds vy > v., the superflow is unstable in
the thermodynamic sense and decay occurs inevitably and on the millisecond scale. In
contrast for vy < v, the decay is strongly suppressed and the metastable superflow
can be almost perfectly stable, as for example observed in bulk superconductors. In
between these two extremes, metastable superflow should persist for much longer than
the characteristic microscopic time scale of the physical system, but rare stochastic
decay events can still occur through quantum or thermal fluctuations [82-84].

In this chapter we study the supercurrent decay of condensates initially prepared
in the ¢ = ¢ = 3 state. We observe ¢ = 3 superflow persisting for up to a minute in
a multiply-connected trap (Section 5.3) and explicitly show that the supercurrent is
indeed quantised (Section 5.2). The persistent current therefore decays in a cascade
of quantised decay steps which unambiguously confirms that 27 phase slips are the
supercurrent decay mechanism. We find that the critical velocities for different ¢ states
quantitatively agree with numerical simulations (Section 5.5). Our ability to resolve
quantised rotational states opens the possibility to study the dynamics of phase slips,
allowing us to observe both rapid ¢ — ¢ — 1 decay events for vs(q) > v.(q), and

stochastic phase slips for vs < v, (Section 5.6).

5.1 Previous studies on supercurrents

The persistent current in our condensate is analogous to electrical current flowing with-
out resistance in superconductors, and dissipationless flow of superfluid *He in a toroidal
container. The stability and decay of supercurrents have long been studied in *He su-
perfluids and thin-wire superconductors, and as yet are still not fully understood. Much
of the difficulty stems from the existence of several breakdown mechanisms, the rela-
tive importance of which depends strongly on the system parameters. In superfluid
helium experiments in a toroidal geometry, the critical velocities observed in practise
were often significantly less than the Landau value [163]. It is suspected however, that
in most cases this was due to the presence of a tangle of vortices which formed during
the quench through the BEC transition. For superfluid “He flow through small orifices,
Anderson predicted that dissipation can occur when a quantised vortex passes across
the orifice [26]. If the vortex crosses all the flow lines passing through the orifice, the
quantum phase difference across the hole changes by 27. Such phase slips have since
been observed in several experiments [27, 88, 164]. One therefore anticipates the onset

of such phase slips is given by the Feynman critical velocity, vf', (2.103) derived in Sec-
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tion 2.4.3, which gives the velocity above which vortex rings can enter the flow channel.
However, vl neglects the nucleation mechanism and subsequent trajectory of such vor-
tex rings and cannot give quantitative agreement with experimental observations [27].
In addition, experimental studies of critical velocities for phase slips in narrow channels
for high flow velocity [27, 88, 164] also show a temperature dependence which cannot be
explained by the Feynman criteria. In this regime the normal component is negligible,
and therefore it is proposed that the dependence arises due to the energy barrier for
nucleating vortices. Hence as the temperature decreases the effective critical velocity at
which decay occurs is observed to increase as the rate at which vortices are thermally
nucleated decreases. Below about 200mK the observed critical velocity becomes almost
temperature independent, and quantum tunneling dominates the phase-slip nucleation
process [88]. The fundamental theoretical challenge is then understanding the nucle-
ation process, and as yet no theory connects all these observations [165-167].

Phase slips in the superconducting order-parameter have been shown to cause resid-
ual electrical resistance in superconducting nanowires [84, 85]. In analogy to superfluid
4He, at higher temperatures phase slips between current-carrying states occur though
the process of thermal barrier-crossing by the order-parameter field [81], whereas at
low temperatures quantum phase slips occur by topological quantum fluctuations of
the superconducting order-parameter field [84]. Such superconducting nanowires have
important applications for realising qubits [168], and the use of coherent quantum phase
slips to build a current standard has been proposed in [169].

Persistent currents in annular BECs clearly offer a complementary route to further
understanding these experiments on superfluid *He and superconducting nanowires. In
contrast to liquid helium, since BECs are dilute and relatively weakly interacting, they
are often described very well by the mean-field GPE which provides a reliable theoret-
ical model for studying the instability mechanisms and dynamics. Prior to this work,
the only realisation of supercurrents in a BEC was achieved in [99, 100], where ¢ = 1
superflow persisting for up to 40 s was observed, and studies of flow through a weak link
created by a potential barrier revealed a well defined superflow critical velocity v.. The

observed v, was found to be consistent with the Feynamn estimate v’

, from which it
was suggested that the dominant supercurrent decay mechanism was a vortex-induced
phase slip, analogous to decay in superconducting and liquid *He experiments.

Our work extends these studies to multiply charged superflow (¢ > 1). This allows
us to prove supercurrent quantisation, and from this, we unambiguously confirm phase
slips as the decay mechanism, independent of any calculations. We calculate the flow
velocity at decay and show it to be consistent with the order of magnitude Feynman
estimate. Further to this, by explicit calculation of the excitation spectrum of the ring
BEC we find quantitative agreement with a different critical velocity, which more accu-
rately predicts the decay in our system. These calculations suggest decay by formation

of vortex-antivortex pairs due to phonon-like excitations. Our use of ¢ > 1 superflow
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also opens the possibility to study dynamics and correlations between phase slip events.

5.2 Supercurrent quantization

To demonstrate the quantised nature of the supercurrent decay we initially prepare
the system in the ¢ = 3 rotational state using the protocol explained in Chapter 4.
Following the transfer of orbital angular momentum to the BEC, we then increase the
power of the LG beam by a factor of 2.4 over 3 seconds to ~ 200 yW. From this point
we then hold for various times and then release the cloud and absorption-image it after
29 ms of TOF. We detect the angular momentum state of the condensate by fitting
the radius of the density ring, R, due to rotation, as explained in Section 4.4.2. The
purpose of increasing the ring power is to increase the significance of the residual az-
imuthal roughness due to imperfections in the profile of our LG beam. The potential
barriers due to roughness will scale linearly with LG intensity, I, whereas the chem-

1/4 through the radial trapping frequency, hence

ical potential, u, only scales as I;g
the superflow stability decreases with increasing LG power. This has the advantage of
significantly reducing the supercurrent lifetime to below the atom number decay time.
As discussed in Section 4.4.2, the fitted hole radius in TOF, R, has a weak dependence
on atom number, N, so increasing the ring power minimises this effect, providing us
with the cleanest signal in which to observe the quantised nature of the supercurrent.

In figure 5.2 (b) we plot the evolution of the radius R with time after the superfluid
was set into rotation. The quantisation of R, and therefore of the angular momentum
of the condensate, is strikingly obvious, and we can assign a ¢ state to each individual
image with high fidelity. To further illustrate the quantised nature of the superflow,
in figure 5.2 (c¢) we plot a histogram of R values, from which we clearly identify three
separate peaks corresponding to the three states of ¢ = 3, ¢ = 2, and ¢ = 1. The
shaded colour backgrounds indicate our g-value assignments, matching the data-point
colours in the scatter plot. Sample absorption images of the four allowed rotation states
are shown in figure 5.2 (a), illustrating that the quantisation of supercurrent states is
sufficiently evident as to allow the ¢ states of individual images to be called by eye.
We also mention that we find such quantisation in several thousand other images taken
under different experimental conditions.

We consider the quantisation of the supercurrent decay the primary experimental
evidence for vortex-induced phase slips as the decay mechanism. Condensate fragmen-
tation or collective excitations such as solitons would break the quantisation of R [162],
while individual particles which break away from the superflow would gradually fill up
the hole in the centre of the expanding cloud; we see no clear evidence of this occurring.
Observation of quantised decay events is also used as experimental proof of phase slips
in liquid helium experiments [27, 88, 164], and benefits from not relying on any critical

velocity calculations.
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Figure 5.2: Quantised superflow decay: A superfluid prepared in the ¢ = 3 state is held
in a ring trap of depth V,. ~ 4u. (a) TOF absorption images of the respective ¢ = 3,2,1,
and 0 states. (b) Top panel: radius R as a function of hold time ¢. The R values fall into 4
distinct bands corresponding to (top to bottom) g = 3 (blue), 2 (green), 1 (red), and 0 (black).
Bottom panel: atom number, N versus t for the same data set. (c¢) High-contrast histogram
of the measured R values confirms that we can assign a ¢ value to each individual image with
near-unity fidelity. The shaded backgrounds indicate our g-value assignments.

The initial ¢ = 3 state is observed to be fundamentally stable for approximately
2 seconds, corresponding to ~ 5 complete revolutions of the condensate. In Section
5.3, by using a low power LG beam, we show that this metastable state can be ex-
tended to over a minute. We therefore conclude that the decay of the supercurrent is
brought about by the gradual decay of N plotted in the bottom panel of figure 5.2 (b).
This is discussed further in Section 5.5 as the gradual loss of atoms bringing about the
condition vs > v.. The broad ¢ = 2 and ¢ = 1 plateaus in figure 5.2 (b) show that
the intermediate 0 < ¢ < £ states are metastable even after the supercurrent decay is
initiated by the first phase slip. In the analogy with a particle moving in a washboard
potential as in figure 5.1 (a), this corresponds to a strongly damped motion: when the
system escapes from a local energy minimum, it gets trapped in a new local minimum

rather than rapidly decaying to the ¢ = 0 ground state.
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Figure 5.3: Long-lived g = 3 superflow: R is plotted as a function of hold time in a shallow
ring trap, showing persistent current for longer than a minute. The blue dashed lines are guides
to the eye, indicating the bands of R values corresponding to different ¢ states. The inset shows
the decaying BEC atom number, N, for the same data set: the solid line is a double-exponential
fit to the data with characteristic decay times of 2.5 s and 40 s corresponding to the rate of
three-body decay and background losses respectively.

5.3 Long-lived superflow

Having demonstrated the quantised nature of supercurrents, we now test the limits of
supercurrent metastability in our setup by performing the same experiment in a very
shallow ring trap. Following the Raman transfer we now reduce the power of the LG
beam by a factor of 2.47 over 3 seconds to = 30 uW, such that the depth of the ring trap,
V., is approximately equal to the chemical potential, . This ensures the trap is still
multiply-connected, protecting the system from vortex dynamics. Since the roughness
of the trapping potential scales with V., reducing the ring depth to = u results in the
smoothest trap we can achieve. This makes the condensate density almost perfectly
uniform around the ring and minimises the probability of weak links where the local u
diminishes and phase slips are more likely.

In figure 5.3 we show the evolution of R for a superfluid prepared in the ¢ = 3 state
and rotating in a shallow ring trap. The non-zero superflow (R > 0) now persists for
more than a minute and decays only once the condensate number itself has decayed to
about 30% of its starting value. As discussed in Section 4.4.2, the radius R shows a
weak dependence on the atom number, N, making the supercurrent quantisation less
striking than in figure 5.2, where the fractional variation of N over the relevant time
scale is smaller. However, we can still see that the R values fall into distinguishable
bands corresponding to the ¢ = 3,2, and 1 states. This allows us to conclude that the

q = 3 state is perfectly stable for ~ 40 seconds and can persist for up to a minute. We
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5.4 Superflow velocity

confirm that the slow bending of the ¢ bands with time is just a consequence of the
weak dependence of R on the decaying N (for fixed ¢) by preparing the initial ¢ = 3
state with deliberately reduced initial atom number.

It’s worth mentioning at this point that in subsequent experiments carried out with
greater care and understanding, the ¢ = 3 state could be made perfectly stable for up to
a minute with no observable decay. As moreover will be discussed in Chapter 6, by using
an RF 7 pulse to flip the BEC back to the |1,1) state following the Raman transfer,
we observe the ¢ = 3 state to be perfectly stable for up to 90 seconds, equivalent to
over 200 revolutions of the condensate. By this point the condensate number decays to
approximately 12% of its initial starting value. These results demonstrate the extreme
metastability of such states, persisting far longer than any relevant timescale of the
system, and limited only by the decaying atom number. In similar experiments in
higher ¢ traps, the larger trap volume due to the larger ring radius reduces the local
condensate density, and hence reduces the stability of superflow. Nevertheless, even for
£ = 10 we can still observe superflow persisting for up to 20 seconds before any decay

events occur.

5.4 Superflow velocity

Having identified the decay mechanism as vortex-induced phase-slips, we now turn to
a quantitative study of the dynamics of the supercurrent decay for different superflow
speeds. Generally as the number of atoms in a rotating BEC decays with time, super-
fluidity becomes less robust. In the spirit of the Landau criterion, we identify this with
the flow velocity approaching the critical velocity, vs — v.. Once vs equals the critical
velocity for a given decay mechanism, the energy barrier to create such an excitation in
the moving frame of the condensate vanishes, accompanied with the onset of viscosity.
In our setup, the relevant decay mechanism has been shown to be a phase slip which
reduces the angular momentum of the condensate by N#A, reducing the flow velocity v,
back below v.. As a result we anticipate a staircase of ¢ values, where atom loss brings
about the condition vs(q) > v., where vs(q) is the flow velocity of a given ¢ state. This
causes a Ag = —1 phase slip, reducing the flow velocity to below the critical velocity
for further phase slips, vs(q — 1) < v., and hence the ¢ — 1 state persists until further
atom loss brings about the condition vs(q — 1) > v., and the next phase slip. ..

To confirm such a picture we need to calculate the flow velocity of the BEC in a
given ¢ state for our ring trap. In an ideal case of a perfectly smooth ring trap with
cylindrical symmetry the flow velocity is azimuthally uniform around the ring, and

given by the condition for quantised circulation,

ve(r) = @é (5.6)

mr
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In our real trap, variations in the local density result in changes in the flow veloc-
ity. While the condition for quantised circulation must always hold, the circulation
is achieved by a spatially varying velocity. In general, calculating the dynamics of a
superfluid is a difficult problem. This difficulty stems from the fact that the fluid is

composed of two components with a total momentum density given by

J= psVs + pnva. (5.7)

As was shown in Section 2.4.2, the density of the two components depends on the
temperature, excitation spectrum, and relative velocity of the two components, v;—v,,.
A complete discussion of how to go about solving such a problem is given in [170]. Here
we make the simplifying assumption that the normal component can be ignored, and
hence any particle flux is due to the motion of the superfluid only. This assumption
is based on the fact that our condensate fraction is typically over 85%, and secondly,
we are only interested in the long-time steady state of the system at which point the
normal component can be considered at rest. Using these assumptions we obtain the

zero temperature hydrodynamic equations [170]

% +V-(nvs) =0 (5.8)
0vs A
m— +V <,u + Vext + 2mvs) = 0. (5.9)

The first of these equations is simply the conservation of particle flux, where here we
consider n = ng. The decay events we are interested in occur several seconds after the
initial transfer of angular momentum to the system, hence it’s sufficient to only find the
steady state solutions. This assumes that the gradual atom loss is sufficiently slow that
we may consider the properties of the system to be given by those of the equilibrium
state. We also make the simplifying assumption that the energy associated with the
flow velocity in (5.9), is negligible compared to the mean field energy. From this we

obtain the two relations

1
vs(r) o o)

,U/local(r) = Mo — %Xt(r)7 (511)

(5.10)

where pg is the global chemical potential for the system. The first of these relations
simply states that to conserve particle flux, the flow velocity in regions of lower density
must be higher than that in regions of higher density. The second relation is equivalent
to the local density approximation, relating the local chemical potential and hence
density, to the external trapping potential and the global chemical potential, set by the
total particle number. In steady state one can define a flow path, 1(r), forming a closed

loop around the ring, where r defines the position along the flow path. To constrain
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r

Figure 5.4: Particle flux in an angular segment: We consider an angular segment, df, within
which we can define a chemical potential, p(6). Within this segment we consider the flow
velocity to be parallel to the boundaries, varying as 1/r across the radial extent of the segment.

the constant of proportionality in (5.10), we use the condition for quantised circulation

along such a path,
fvs.dl = 27rqz. (5.12)
m

To simplify the problem further we consider an angular segment of the ring, df,
illustrated in figure 5.4. This allows us to define a chemical potential p(#) for that
given segment, which can be found from the local density (5.21). For a sufficiently
slowly varying trapping potential we can consider the flow velocity in such a segment
to be purely in the angular direction. The local velocity in such a segment has no z
dependence, but due to the velocity profile about a vortex line, varies as 1/r across the

width of the annulus,
_ vo(0)

vs(r, 6) .

(5.13)

The requirement of particle flux conservation now requires the flux through any seg-

ment, df, to be equal, and hence equation (5.10) takes the form

//n(r, 0, z)vs(r, 0)rdrdz = constant, (5.14)

where the velocity is given by (5.13). To make further progress we need to consider the

density profile within an annular trap.

5.4.1 BEC density in a ring trap

The density profile of a condensate in an annular trap is covered extensively in the

thesis [171] relating to [100]. We model the ring trapping potential as a harmonic
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5.4 Superflow velocity

oscillator about the trap minimum in both the radial and vertical directions,

1 1
Vext (1,0, 2) = §mwzz2 + §mwg(r — TM)2, (5.15)

where rjs is the radius of the ring potential. As discussed in Section 4.2.1, we mea-
sure the vertical trapping frequency from the sheet potential as w, = 27 x 400 Hz.
The radial trapping frequency due to the ring potential, w,, is measured by applying
a weak attractive potential at the centre of the ring trap using the CDT, pulling the
atoms towards the inner radius. Quickly turning off this potential, the atoms oscillate
freely in the radial direction of the ring trap and we extract the trapping frequency by
observing oscillations in the radius of the density distribution at short TOF. From this
we find w, = 27 x 180 Hz for the ring trap used to obtain the data in Section 5.2, and
presented in figure 5.2. The radius of the ring trap is equal to rp; = 12.3 pm.

The condensate wavefunction is found by solving the GP equation (2.40) with ex-

ternal trapping potential given by (5.15),

v 9
(- Vi) + 5l8(6)?) 2(0) = s2(0). (5,16
To simplify this problem one typically makes the Thomas-Fermi (TF) assumption (Sec-
tion 2.2.3) where, for large atom number, the kinetic energy is assumed to be negligible
compared to the interaction energy. In this regime the condensate wavefunction takes
the form of the inverted trapping potential. This assumption is valid provided the ex-
tent of the condensate is much larger than the healing length [172]. For an annular trap
this corresponds to the condition p > hw;, for the condensate to be in the TF regime
along the i** direction. In the opposite regime where the kinetic energy dominates over
the interaction energy the many particle ground state is identical to the single particle
ground state, which for a harmonic trap is a Gaussian wavefunction.

For our experiment we find that at the initial atom number, N = 180, 000, for all
points in the ring u(0) > hw, > hw,, and hence the system is fully in the TF regime.
As the number decays the chemical potential decreases at all points in the ring, and
we find that for the relevant parameters over which phase slips occur, the density at
certain points in the ring is sufficiently low that fw, > () > hw,, and the dynamics in
the z direction are frozen out and locally the BEC is two dimensional. The condensate
therefore has a TF profile in the radial direction, but a Gaussian profile in the vertical
direction. To fully solve the flow velocity profile at all points in the ring, we therefore

need to relate the density and chemical potential for both of these regimes:
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Fully TF regime

In the fully Thomas-Fermi regime the particle density is given by

22 r—1ru)?
nrr(r,0,z) = ,u(g@) (1 - =5 — (M)> for  Vexe(r, 0, 2) < u(6) (5.17)

=0 otherwise, (5.18)

where R, = /2u(0)/mw? is the vertical Thomas-Fermi radius, R, = /2u(0)/mw? is
the radial Thomas-Fermi radius, and p(@) is the local chemical potential defined as
w(0) = po — Vext(r = rar, 0,z = 0). The relevant quantities are the 2D column density
integrated along z, and the 1D angular density integrated along both z and r:

nop(r,0) = /nTF(r,H,z)dz

4p1(0) (r—ran)?\*"?
— (1= 1
3 R I (5.19)
dN
nip(0) = /ngp(r,ﬁ)rdr =7
WO R Ry
= EE (5.20)

Noting that R, and R, also depend on the local chemical potential,

(2 (0)mrar

’I’LlD(e) - mgwyw
rWz

(5.21)

These expressions allow us to relate an observed local density to a local chemical po-
tential which we will use to calculate how the flow velocity evolves as the atom number
decays. The equation for 1D flux conservation in (5.14) can now be calculated for the

TF regime density profile

//nTF(r, 0,z) UO(Q)TdeZ = constant = C, (5.22)

r

where we label the constant as C', and have made use of the 1/r form of the flow velocity
(5.13). Using the result of (5.19) we find

¢ = 10w (5.23)
M

and hence the local velocity constant, vg(f) is simply inversely proportional to the

local 1D density, ni1p(#). We now use the condition for quantised circulation along a
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connected path, 1(r), to determine the constant C,
h
vs-dl = 27rq— (5.24)

e f o (5.25)

27@/% (5.26)
rmm nlD

omgh
va(0) = 22 = 2T / 7{ (5.27)
T mr nlD nlD

This equation shows us that due to the geometry of the system, the flow velocity at

therefore

a given point depends on the global density profile of the entire trap and not just the
local density at that point.

Radially TF regime

In the radially Thomas-Fermi regime, anticipated when atom loss reduces the local
chemical potential to below the vertical trapping frequency, the particle density is

given by

_ 2
nrrr(r,0,z) = e~ /a 1(0) (1 — (r erM) ) for |r—ry| <R, (5.28)
g r

=0 otherwise, (5.29)

where a, = \/h/mw, is the vertical harmonic oscillator length. Once again we calculate

the 2D and 1D densities in the same manner

nop(r,0) = “(e)faz <1 _r= TM)Q) (5.30)

R}
4 z T
nip(0) = “(9)\/37?; rukt (5.31)
3/2
:i 2—7(7'u (Q)TM(],Z. (532)

39V m w,

We therefore see that the local 1D density has a different power law dependence on
the local chemical potential than in the full TF regime. The relation between the flow

velocity and 1D density is the same as in the fully TF regime derived in (5.27).

5.4.2 Effect of azimuthal roughness

With the relations above we can now deduce the flow velocity by simply measuring the
azimuthal profile of the 1D density. The procedure for this is outlined in figure 5.5. As

shown in figure 5.5 (a), taking an absorption image of the condensate in the ring trap,
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Figure 5.5: Calculation of azimuthal variation in flow velocity: (a) In trap absorption image
of the condensate density. The one dimensional density is obtained by summing pixels within
an angular segment, centred at the angle 6. (b) Extracted one dimensional particle density
versus angle around the ring trap. (c) Using (5.27) one can relate the 1D density profile to
a flow velocity profile, here plotted for the inner radius of the trap, r = rj; — R,., where the
velocity is highest. The correlation between regions of low density and regions of faster flow is
clear. The black dashed line is the inner radius velocity for a perfectly smooth ring trap with
the same pyg.

we obtain the 1D density by summing pixels within an angular segment, df, centred
at angle 6. The angular width of this segment is 27/48, chosen to span approximately
the imaging resolution at the atoms, however the final result is the same for smaller
segments. To smooth the density profile obtained we use 144 segments which each
have 2/3 overlap with the adjacent segment. The extracted profile of n;p(6) is shown
in figure 5.5 (b). Using this and equation (5.27), we can immediately calculate the
velocity wvs(r,0) at any point in the ring. We plot the velocity on the inner edge of
the ring for r = r)r — R-(f) as a function of # in figure 5.5 (b), accounting for the
variation in the radial TF radius, R,, due to changes in the local chemical potential.
In our discussions we always consider the flow velocity on the inner surface since this
is where the condensate flows fastest, and hence will reach critical velocity first. From
this we can see that to conserve particle flux, regions of low density have the highest
flow velocity, and hence the superflow will destabilise here first.

In our experiment, for the initial atom number, we find the superflow is stable
and no phase slips occur, corresponding to vs < v.. To understand how atom loss
destabilises the flow, we need to calculate the time evolution of the flow velocity profile
plotted in figure 5.5 (¢). Using the local density approximation (5.11), we relate the

local chemical potential to a global one by
1(0) = po — Vext(r = 7,0, 2 = 0) (5.33)

In figure 5.6 (a) we plot p(#), calculated from nip(6), using the relations (5.21) and
(5.32). We define the global chemical potential as the average of u(#), shown by the

dashed black line, and therefore the difference gives us the local trap roughness, Vet (1 =
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Figure 5.6: Local chemical potential in a rough trap: (a) To calculate the flow velocity at all
points in the ring as a function of total atom number we extract the local chemical potential,
1(0), plotted as a function of the angle 6 around the ring. (b) River analogy of figure (a). We
now consider the local mean field as the difference between a global chemical potential, uq,
(the water level), and a spatially varying trap roughness (the river bed). As the atom number
decays the value of ug decreases (water level falls), but the trap roughness (river bed) stays
constant.

ra, 0,2 =0) = po — u(0).

To illustrate this further, in figure 5.6 (b) we plot po and Vexi(r = rar, 0,2 = 0)
as a function of #. In analogy to fluid flow in a river, ug defines the global fluid
level, and Vex(r = rar, 0,2 = 0) defines the roughness of the river bed. The local
chemical potential gives us the depth of the fluid at a given point. As the atom number
falls the global fluid level falls, but the channel roughness remains the same, fixed by
imperfections in the light which forms our trapping potential. This allows us to calculate
how u(#) (the depth of the fluid) evolves with changing atom number, and from this
we recalculate the 1D density profile, nyp(#), and the velocity profile, vs(r, 6)*.

Before applying this calculation to find the flow velocity evolution during decay, we
must first consider the effect of imaging resolution on the calculation. This was found
to have a significant effect on our results, and must be considered to bring the data

close to our models of the critical velocity [173].

5.4.3 Imaging resolution

The in-trap absorption images from which we have estimated the condensate density
profile are inherently blurred from the true density profile due to the effects of finite
imaging resolution and pixelation of the image. The true columnar density profile is

related to the imaged columnar density profile by convolution with a 2D point spread

Due to the non-trivial relationship between total atom number and po, this calculation is actually
done in reverse. Changing po slightly, we then find p(6) using equation (5.33) and the fixed trap
roughness. From this we can find the 1D density, and hence the total atom number which corresponds
to the revised po.
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Figure 5.7: Effect of imaging resolution on flow velocity: (a) To experimentally determine
the width of the point spread function (PSF) due to our imaging resolution and pixelation, we
fit the radial profile of the ring to nep at various powers of the LG beam and extract a fitted
width, W. Plotting the square of 2W against the square of the calculated value of R,., we can
extract the width of the PSF from the intercept with the axis. Top-left inset: Comparison of
Gaussian profile with waist given by equation (5.36) (dashed red) versus blurred image produced
by convolution with PSF (solid blue). Bottom-right inset: Example radial fit, from which W is
extracted. (b) The original image is ‘deblurred’ using the measured width of the PSF to obtain
an estimate of the true density profile. The validity of this step is confirmed by convolving
the deblurred image with the PSF and restoring the original image. Plotted is the azimuthal
variation in the trap roughness for both the original and deblurred image.

function (PSF) which we assume to be Gaussian,

nSp ) (r,0) = [nap * PSF)(r,6), (5.34)

1 r?
27{'0‘2 exp <_W) y (535)

where sigma defines the waist of the point spread function. The true columnar density

PSF(r,0) =

in trap has a TF profile, given by nsp in equation (5.19). The radial profile of the
imaged columnar density, found by convolving nop with the PSF, is well approximated

by a Gaussian profile with a waist given by

2\ 2
W= @) o2 (5.36)

This is illustrated in the top-left inset of figure 5.7 (a). The Gaussian profile with a
waist given by W is indicated by the dashed red line. The radial profile formed by
convolution of the original TF profile of radius R, with the PSF is shown in blue. The
good agreement between the two suggests we can find the ¢ of our imaging system by
fitting the radial profiles of images to extract W, and calculating R, from the measured

atom number and trapping frequencies of our system.
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This is done by measuring the fitted Gaussian width, W, for 10 different values of
the true Thomas-Fermi radius, R,. We vary R, by changing the intensity of the LG
trapping beam to alter the radial trapping frequency, w,. For each value of w, we fit
the radial density profiles at 8 different angles 6, and define the average Gaussian width
W, as the root mean square of the fitted widths. This value is compared against the
average of the true Thomas Fermi radius R,., which we calculate from our total atom
number and measured trapping frequency. In figure 5.7 (a) is plotted (2W)? versus the
square of R,, fitted to a straight line with a fixed gradient of 1. Each data point is an
average of two images. The close agreement between the data and the fixed linear fit
is confirmation of equation (5.36). The intercept at the y axis gives the width of the
PSF as 0 = 2.6 £ 0.3 pm. This result is reasonable when compared to our estimated
imaging resolution of 2 ym and pixel size of 1.2 pum.

To find the true columnar density profile we now need to deconvolve the image with
a PSF of width o. This is clearly a non-trivial problem, since many density profiles can
be convolved with the same PSF to obtain profiles close to our imaged density. This
step is carried out using in-built tools in Matlab designed for such a problem. To pre-
vent the procedure from introducing small features into the deconvolved image which
cannot be inferred from the original image, we provide the function with a measure of
the signal-to-noise ratio in the image, calculated from the ratio of the variance at the
atoms compared to that in an empty control shot. An example of this deconvolving
process is shown in figure 5.7 (b). By repeated calculations of trap roughness from
successive images, we estimate our uncertainty in the calculated trap profile at ~ 5%,
due to atom number and trap fluctuations, and variations in our methodology.

Importantly, this uncertainty does not account for systematic errors. The decon-
volution process we have used here simply provides us with an estimate of the atom
density which is consistent with our observations. To confirm this estimate, we check
that reconvolving with the measured PSF produces a density profile in good agreement
with our images. In addition, we also adjust the parameters of the deconvolution step
such that the Thomas Fermi radius of the deconvolved image is consistent with our cal-
culated value. Nevertheless, this stage in our calculations introduces a large source of
systematic uncertainty. Unfortunately, accounting for finite imaging resolution proves
to be an important step in accurately calculating the flow velocity and critical velocity,
but one must keep in mind the inherent uncertainties that such a process involves.

The trap roughness calculated from the deconvolved image is anticipated to be
closer to the true trap roughness, and can clearly be seen to be a more sharply peaked
version of the profile extracted from the original image. The larger range of this trap
roughness leads to faster maximal flow at the weakest parts of the ring, and slower flow
at the deepest parts of the ring. The complete protocol for extracting the flow velocity

as a function of IV is then given as

1. Deblur image by deconvolving with PSF of ¢ = 2.6 ym
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2. Extract nip(6) by summing pixels in angular segments such that [np(0)dd = N
3. Extract p(6) from nip(f) using equations (5.21) and (5.32)

4. Extract global mean field, pg, from the average of 1(6)

5. Extract trap roughness, Vexi(r = 7,0, 2 = 0) = po — p(0)

(a) Recalculate u(0) = po — Vext(r = rar, 6,2 = 0)
(b) Recalculate nyp(f) from p(6) using equations (5.21) and (5.32)

(
(d

)
)
c) Recalculate vy(r, ) from nip(f) using equation (5.27)
) Recalculate atom number, N = [ n;p(6)df

)

(e) Reduce pyg slightly and repeat steps ba—be

The results of this calculation are shown in figure 5.8 (a), where we plot the maximal
flow velocity versus atom number, N, for the narrowest point in the ring, where the local
density and p(0) are lowest. We plot this for the ¢ = 3,2, and 1 states, indicated by
the solid blue, green, and red lines respectively. As expected, the loss of atom number
further constricts the flow at the narrowest parts causing the velocity to increase.
For N approaching 50,000, the flow velocity diverges, corresponding to the condensate
density fragmenting due to the global chemical potential, ug, falling below the trapping
potential at the roughest part of the trap.

For comparison with our data on phase slips presented in figure 5.2, we eliminate
the time variable and plot the observed R (and equivalently ¢) values versus N (figure
5.8 (b)). As in figure 5.2, the same colour code is used to indicate different ¢ states.
We find each rotational state is observed up to a critical atom number N,(gq), beyond
which decay to a lower angular momentum state is inevitable. We thus empirically
associate this critical atom number with the condition vs(q) = v.. Using figure 5.8 (a),
we relate this critical atom number to a maximal flow velocity for each ¢ state, vimax(q).
From the data in figure 5.8 we find vjpax(3) = 1.29 mm/s, vyax(2) = 0.96 mm/s, and
Umax(1) = 0.78 mm/s. The changing maximal flow velocity for the three ¢ states is
therefore due to the critical velocity decreasing with decaying atom number. In figure
5.8 (b) we also observe phase slips for vs < v.. This is discussed further in Section
5.6, where we attribute this to rare stochastic decay events, most likely due to thermal
activation over the energy barrier to decay which is still present for vs; < v..

To see whether we can understand these results further, we now consider what

mechanism defines the critical velocity in our ring BEC.

5.5 Critical velocity

Having calculated the evolution of the superfluid velocity over which we observe phase

slips, we are now in a position to contrast our data to a possible model of the critical
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Figure 5.8: Evolution of peak flow velocity for decaying atom number: (a) Peak flow velocities
for the ¢ = 3, ¢ = 2, and ¢ = 1 states are illustrated by the solid blue, green, and red lines
respectively. The shaded regions about each line, illustrate the variation introduced by the
estimated 5% fluctuations in the trap roughness and atom number. The vertical dashed lines
indicate the lowest IV at which we observe each ¢ state, with the same colour coding applied.
(b) We plot the same data as in figure 5.2, now plotted against atom number. We see that each
g plateau extends up to a minimum N, which using figure (a) we can now relate to a maximum
flow velocity vs(q).

velocity. To do this we first consider three different analytic calculations of v.: the
Feynman velocity, vf’, the speed of sound, ¢, and the surface critical velocity, vs. Of
these three we find our data agrees closest with a critical velocity given by the speed of
sound, a result predicted in several numerical studies solving the GPE for an annular
BEC with a repulsive barrier potential [40, 173—-175]. The propagation speed of surface
modes localised at the edge of the cloud, v, also gives reasonable agreement with our
data, since over the parameter space considered, v: and c are very similar. In Section
5.5.4 we numerically calculate the excitation spectrum of an annular BEC and show
the relevant excitation which sets v, switches from surface modes to phonons below a
certain local chemical potential. We therefore conclude that the phase slips we observe
in figure 5.8 (b) are indeed nucleated by phonon modes, and hence the relevant critical
velocity is given by c. Finally, we note that the Feynman critical velocity, vZ’, only
provides an order of magnitude estimate and does not provide quantitative agreement
with our measured critical velocity, nor predict the reduction in vyax(q) with decreasing

N, which we observe.

5.5.1 Feynman velocity

In Section 2.4.3 we derived the Feynman critical velocity by considering the minimum

energy cost of inserting a vortex ring into a flow channel of radius R:

h R
F
v, mRnf’ (5.37)
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where £ is the vortex core size, given by the healing length. In a toroidal flow such
a vortex ring will form at the walls of the channel before shrinking in on itself and
annihilating, completing a full single phase slip [40]. The geometry of this excitation
is three dimensional and applies to cylindrical flow channels. Our annular BEC is
asymmetric, with a vertical trapping frequency over twice the radial. For the densities
over which we observe phase slips, the condensate at the weakest part of the ring
where the decay events occur is quasi 2D, with u(f) < hw,. Indeed for the very lowest
densities at which we observe ¢ = 1 — ¢ = 0 phase slips, the condensate is approaching
1D at the weakest point. The relevant excitation to then consider in a two dimensional
geometry is not vortex rings, but straight vortex lines of vortex-antivortex pairs aligned
along the vertical direction, which either cross the annulus and annihilate one another
in the bulk, or nucleate in the bulk and move apart towards the edge of the condensate,
decaying to elementary excitations at the surface. While a single vortex line can also
cause a 27 phase slip, the energy associated with a vortex-antivortex phase slip is lower.
For a vortex-antivortex pair separated by a distance D in a background flow of velocity
vs, the energy in the frame moving with the flow is given by

h2n2D D

E' =27 In T — 2whnop Dus, (5.38)

m
and hence the critical velocity is given by

vl = ﬂlen?. (5.39)

For our annular flow, D = 2R,., and the healing length £, is an effective healing length,

&1p, integrated over the vertical and radial dimensions to account for the varying density
across the annulus.

Using the expression for the healing length in a uniform condensate in (2.64), and

the expression for the sound speed in a uniform condensate in (2.62), we can show that

the two quantities are related by

h
= ) 5.40
3 Tome (5.40)
Using this we can rewrite the Feynman velocity (5.39) in the form
’UF fD D
c =222y = 5.41
1D D &b (5:41)

where c¢1p is similarly an effective sound speed averaged over the cross section of the
annulus. Since the expression for the Feynman velocity is only valid for the condition
D > &1p, where the channel width is much larger than the vortex core size, we have
the condition that the Feynman velocity is always much lower than the sound velocity.
The maximal value of the Feynman velocity is therefore found to be v = 0.52¢p,

occurring for a channel width D = 2.7€.
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5.5.2 Speed of sound

The speed of sound is defined as the flow velocity above which it is energetically ben-
eficial to excite phonon modes in the condensate. In Section 2.3.1 we considered per-
turbations in the wavefunction of a uniform condensate to derive the sound velocity

c=+/ng/m, (5.42)

where n is the particle density, and g is the interaction parameter given in (2.32). In
real experiments with inhomogeneous density, the sound velocity is maximal at the
trap centre and falls to zero at the surface. To compare this criteria to our system
we therefore need to define an effective sound velocity c¢;p, which integrates over the

varying density in the z and r direction [176]. Such an effective sound velocity is given

by [149]
_/miD o
Cl1Dp = 7m anlD, (543)

where n;p is the 1D density defined in (5.21) and (5.32). Since our phase slip events

occur where the condensate is in the radial TF regime, using equation (5.32), we find
an expression for the local effective sound velocity as
2p(6)

en(0) = /5 = (5.44)

We therefore anticipate a local Landau criterion, where for max(vs(r, 8)) > ¢1p, phonon
modes will be excited and the supercurrent will decay. The precise mechanism by which
such phonon modes then go on to nucleate vortices and cause a phase slip is still not
fully understood [173].

5.5.3 Surface modes velocity

In experiments on simply-connected rotating atomic gases [31, 32, 177, 178] it was often
found that the critical velocity for a vortex entering the condensate was higher than that
predicted purely by global energetic arguments [179]. This higher v, is associated with
dynamic instabilities of surface excitations, which provide the necessary microscopic
route for vortex nucleation. The surface mode model aims to find the local critical
velocity over the TF surface above which such unstable surface excitations form. This
model produces a general theory based on the idea that the TF surface of a large
condensate enters a bulk regime in which the physics of vortex formation is local. In
general, an energetically unstable surface mode must first appear for vortices to enter
the cloud, therefore the Landau criterion is universal to vortex formation. For large
enough condensates where the surface length scale is much smaller than their overall
extent, the local Landau critical velocity may be determined by solving one universal

equation.
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For a large enough condensate one can neglect the curvature of the TF surface and
approximate the trapping potential to a linear ramp, V = F'r, where F' is the potential
gradient at the TF surface given by

dV
F=—
dr

=/ 2umw?, (5.45)

r=R,

for a harmonic trap. One then considers the instability to form in a surface boundary

of depth
72 1/3
= ) 4
5 <2m F) (5.46)
The surface mode model is then valid in the regime where R, > J, which simplifies to
R, 2/3
6:2<h5; ) > 1. (5.47)

The relevant GPE equation then reads

oL h2v?
ih— = <_ v +Fr+g|<l>|2> P, (5.48)

ot 2m

where the origin of r is at the TF surface. The excitation spectrum of such a system

was solved numerically in [180], where it was found that the critical velocity is given

1/3 1/6
v = (WLF) L ( a ) . (5.49)

m?2 m  \ hw,

exactly by

The arguments of the surface model are local and hence the theory should be equally
applicable to rotating annular condensates as long as both the width of the annulus
and its inner radius are much large than the surface depth J. Indeed the surface mode
theory was extended to a 2D ring geometry by Dubessy et al. [181]. By explicit
calculation of the excitation spectrum of an annular condensate, the calculated value
of the critical velocity was shown to be equal to v:. In Section 5.5.4 we repeat this
calculation, arriving at the same conclusion for sufficiently large condensates. Here
however, we show that for low densities the nature of the excitation changes. Below
a certain chemical potential the radial extent of the annulus becomes comparable to
0 and the instability changes from a surface mode with v, = v, to a phonon mode

located in the condensate bulk with v. = ¢1p.

5.5.4 Excitation spectrum of a ring BEC

We now calculate the excitation spectrum of a two dimensional Bose gas trapped in
a smooth ring potential, as was done in [181]. From this we find the critical angular
velocity above which the system must be rotated before vortices are excited. By varying
the total atom number in the trap we calculate the value of this critical velocity as a

function of the chemical potential (here p(6) = po, since we consider a cylindrically
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symmetric trap). In this case of a rotating trap and a stationary condensate, the critical
velocity is first exceeded at the outer radius of the condensate. In our experiment of
a rotating superfluid and a stationary trap, the same critical velocity applies, but now
the fluid velocity is largest on the inner radius.

We consider the GPE at zero temperature for a 2D ring. This most closely matches
our geometry of interest, where we find phase slips occur in the quasi-2D regime. As
before, the trapping annular potential is written as a harmonic potential of frequency
w, centred at radius rj;. We use the associated scales for energy (hw,), time (w; 1),
and length a, = \/W . The dimensionless 2D GPE then reads

i0® = (—2 + %(r — )2 + g|<I>|2> P, (5.50)
where the condensate wavefunction, ® = ®(r,0,t), is normalised to unity, A = 92 +
Or/r + 05/r? is the Laplacian in polar coordinates, 1o = rjs/a, is the dimensionless
ring radius, and g = N \/87£ is the dimensionless 2D interaction constant, where NNV is
the atom number, a is the s-wave scattering length, and a, is the harmonic oscillator
length in the z direction [182].

From the rotational invariance of (5.50), we consider solutions of the form
(r,0,t) = e D(r) 4+ 6Py (r, 0,1)], (5.51)
where

5‘I>m(’r, 0, t) = um(r)e_i(Wt_me) + 'Um(r)*ei(w*t_me)- (5.52)

® denotes the stationary ground state of the system, u is the global chemical potential,
and 6@ is a small perturbation parameterised by the angular wavenumber m. A detailed
explanation of how this problem is solved is given in Appendix B. We first calculate the
ground state for a given /N by imaginary time propagation of a test TF profile, stopped
when the relative variation in j falls below 10~!2. The Bogoliubov-de Gennes equations
for um, () and vy, () are then solved by diagonalisation. We obtain real frequencies with
a dispersion relation w = w(m), the lowest branch of which allows us to compute the
critical angular velocity Q. = min(w(m)/m). The density profile of the excitation is
found by ongy, (r) = 2Re[®(r)* (um () + vm(r)*)].

The results of this calculation are shown in figure 5.9. Here we plot the lowest
branch of the dispersion relation for three different values of the total particle number,
N. The critical angular velocity is indicated by the dashed grey line, w = mf.. At
small m values the lowest branch is linear, and can be associated with rotating soundlike
waves. For larger atom numbers, at higher m values, this branch exhibits a small
negative curvature that makes the critical angular velocity smaller than the angular

speed of sound. The radial density profile of the excitation, shown in the inset, is
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Figure 5.9: Numerical calculation of 2D annular BEC excitation spectrum: The three plots are
the eigenfrequencies, w, and the angular wavenumber, m, for the lowest branch of the dispersion
relation, plotted for three different values of the total particle number. The black data points
are the results of our numerical calculation, obtained by diagonalisation of the Bogoliubov-de
Gennes equations. The grey dashed line is the critical angular velocity, . = min(w(m)/m).
The solid red line is the critical angular velocity, as predicted by the surface model. The inset of
each plot shows the radial density profile of the condensate (black dashed line) and the density
profile of the excitation (red line), normalised to have the same peak value.

strongly localised on the outer radius and we thus expect that the mode corresponding
to the critical angular velocity will be correctly described by the surface mode model

in Section 5.5.3. The critical angular velocity within the surface mode model is simply

given by »
0 ==, (5.53)
Te

where 7. is the radius of the excitation. For this case of a rotating trap and stationary
BEC, the critical velocity is first reached on the outer surface, and hence r. = rj; + R,..

This critical angular velocity is indicated by the red line in figure 5.9. We therefore
see that for the largest atom number, where the assumptions of the surface model are
most valid, Q. and Q2 are in excellent agreement as was concluded in [181].

As illustrated in figure 5.9, as the particle number decreases the negative curvature
at large m values disappears. Eventually at low numbers the critical velocity is equal to
the speed of sound, set by the linear part of the spectrum near m = 0. The excitations
are then phonons and are no longer localised at the surface but distributed over the
entire condensate profile. This is associated with a failure of the surface model, with
the value of €2, significantly less than (2. This disagreement with the surface model at
low N is intuitive, since at low densities the extent of the condensate becomes compa-
rable to the surface depth.

The critical velocity as determined by the numerically calculated excitation spec-

trum is simply found from the critical angular velocity as

vg = Qe(rvr + Ry), (5.54)
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Figure 5.10: Comparison of critical velocity models: Plotted is the critical velocity versus
local chemical potential for all models considered: Feynman velocity, v (green), effective
sound speed, ¢1p (blue), surface modes velocity, v2 (red), and the critical velocity extracted
from numerical calculations of the excitation spectrum of an annular BEC, v¢ (black triangles).
We observe a transition at ~ 1kH z, above which the critical velocity is determined by surface
mode instabilities, and below which it is set by excitation of phonon modes. We note that our

data on phase slips is in the regime where the critical velocity is sound like.

since the maximum velocity at a given rotation €2 is at the outer radius. In figure 5.10,

the value of v¢ is plotted as a function of chemical potential, as indicated by the black
F

triangles. To compare this result with our analytic models, the Feynman velocity, v_ ,

S
c’

in agreement with

the effective sound velocity, ¢1p, and the surface mode velocity, v, are also plotted

s

on the same axes. For large u, the critical velocity agrees with vy,

the results of [181]. For values of u below around 1kHz, the sound velocity falls below
the surface mode velocity, and the relevant excitation becomes phonon like and is no
longer localised at the surface. This deviation from the surface model occurs when the
ratio of the condensate extent to the surface depth falls below R,/d < 6.3. The value
of v¢ then closely follows the effective sound velocity, ¢;p, with the small discrepancy
possibly due to the continuous change in dimensionality, and hence averaging of c¢. This
agreement between the speed of sound and v¢ found by solving the GPE is in agreement

with the results of [40, 173-175]. We also observe that the Feynman critical velocity,
F

-, is considerably lower than the others and only gives reasonable agreement with the

(%

numerical result at very low chemical potentials.
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Figure 5.11: Comparison of critical velocity models with flow velocities calculated from data
for different ¢ states: The data points are the calculated flow velocities versus atom number for
the data points in figure 5.8, where the blue, green and red points indicate the ¢ = 3,2, and 1
states respectively. The solid lines in blue, green, and red plot the functions vs(g) versus N for
the ¢ = 3,2 and 1 states respectively. The shaded areas around each ¢ data set illustrate the
uncertainty in flow velocity due to 5% fluctuations as in figure 5.8 (a). The dashed black line is
the critical velocity versus N for the model considered. The shaded area around this line again
illustrates the error introduced by the fluctuations. The models used are the Feynman critical

velocity, v, in (a), the surface mode critical velocity, v2, in (b), the averaged speed of sound,

c1p, in (c), and the numerically calculated critical velocity, v¢, in (d).

5.5.5 Critical velocity discussion

To test our calculations of v. we now need to compare them to our data in figure 5.8,
where we have the distribution of ¢ states with atom number N, and our calculations
of how to convert a given N and ¢ to a peak flow velocity vs(g, N). The results of this
comparison are plotted in figure 5.11 for all four critical velocities: Feynman, vl sur-
face mode, v?, averaged sound, ¢1p, and the numerical result, v¢, in figures (a) — (d)
respectively. The data points are our measured vs(g, N) values versus N, where the
blue, green, and red points indicate the ¢ = 3,2, and 1 rotations states, originally as-
signed in figure 5.2 using the quantisation of R. The shaded area around each ¢ data

set illustrates our uncertainty in calculating vs(q, N) due to fluctuations, as in figure

138



5.5 Critical velocity

5.8(a). The right edge of this area therefore indicates the highest N /lowest vs(q) at
which we observed each ¢ state and the left edge indicates the lowest N /highest vs(q)
at which we observe each ¢ state. We therefore identify the left edge with the condition
vs(q) = ve. The respective critical velocity is also plotted as the dashed black line, and
the black shaded area similarly represents the effect of fluctuations in calculating v,.
Good agreement between our data and a given v. model would then be indicated by
the maximum v,(q) for each ¢ state (left edge of the coloured shaded areas) lying close
to the critical velocity (black shaded area).

The Feynman critical velocity (5.39), plotted in figure 5.11 (a), is clearly too low
and predicts immediate decay of all ¢ > 1 states and decay of the ¢ = 1 state at
N = 120 x 103. We also note that the form of the Feynman velocity has a very weak
dependence on N and therefore cannot explain the decrease in vyax(q) with decaying
N which we observe.

The critical velocity of the surface model (5.49), plotted in figure 5.11 (b), shows
better agreement with the data, though predicts a larger v, than we observe. For our
data, the ratio of the condensate extent to surface depth R,/J is in the range 2 — 4,
and therefore the criteria for applying the surface model is marginal. In our original
discussion of these results in [14], the deconvolution method adopted was slightly dif-
ferent and we allowed the width of the PSF to vary to best match our data, finding
good agreement between the data and the surface model for ¢ ~ 2.9 pym, in reasonable
agreement with our measured o. With the additional insight from the numerical calcu-
lations in Section 5.5.4, we now see that in the regime of our results, the condition for
the surface model to hold is not strictly met, and we anticipate the critical velocity to
be in better agreement with the local sound velocity. In this discussion, we therefore
fixed o at its measured value to directly compare our data to both models. This original
agreement with the surface model does however highlight the systematic uncertainty
introduced by the deconvolution step in our calculation.

The averaged speed of sound (5.44), plotted in figure 5.11 (c), shows excellent agree-
ment with our data, closely predicting the minimum N, and therefore maximum vs(q),
for all three ¢ states. The critical velocity extracted from our numerical calculations
(5.54) is plotted in figure 5.11 (d), and as expected is very close to the result for the 1D
sound velocity. From this we conclude that our data is in agreement with the critical
velocity predicted by the GPE, which for our regime is very closely related to the local
1D sound speed.

To further confirm our results we perform another experiment in which we ex-
ploit the fact that the roughness of our ring potential grows with V.. We calculate
how much further we would need to increase the trap roughness, by increasing the
intensity of the LG beam, before the ¢ = 3 and ¢ = 1 state were inherently unsta-
ble and decayed immediately at the starting atom number. Our calculations predict

that the an increase of LG intensity by 30 + 10% would cause immediate decay of
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the ¢ = 3 state (vs(¢g = 3, N = 180 x 10%) > ¢;p(N = 180 x 10%)), and an in-
crease of LG intensity by 70 + 10% would cause immediate decay of the ¢ = 1 state
(vs(g =1, N =180 x 10%) > ¢1p(N = 180 x 10?)). Experimentally we find agreement
with the values in the upper end of this range, typically needing to increase the LG
intensity by 40% to deterministically kill ¢ = 3 flow, and by 80% to deterministically
kill all superflow. This suggests that the true value of our superflow velocity lies to-
wards the lower end of our error region, and the critical velocity lies towards the upper
end of the error region. Since the two quantities have negative correlation, this would
be consistent with a small systematic underestimate in determining atom number, or
overestimate in determining trap roughness.

While our results do show excellent agreement with a critical velocity given by
Ve = C1p, it’s important to note that our calculations of the flow velocity and critical
velocity are built upon several steps, each of which introduces uncertainties. While we
have tried to account for errors in our analysis arising from fluctuations in atom number
and trapping potential, possible systematic effects such as atom number calibration,
trapping frequency measurements, and accounting for our finite imaging resolution, can
also effect our results. In our original analysis for example, by considering a slightly
larger PSF we found reasonable agreement between our data and the surface model
calculation of the critical velocity. It is therefore important to keep in mind that the
deconvolution step which accounts for our finite imaging resolution, only provides an
estimate of the true density profile. Such systematic uncertainties make it difficult to
reliably distinguish between vs and c;p which, over the range where we observe phase
slips, offer similar predictions of the critical velocity. Nevertheless, the fact that our
data is in such close agreement with v. = ¢1p for a range of atom numbers and flow
velocities, is strongly suggestive that the critical velocity in our system is set by the

local effective sound velocity.

Comparison to previous measurements

We now compare our findings to those in [100], which provides the only other experi-
mental measure of the critical velocity in an annular condensate. In this experiment,
q = 1 superflow was prepared using phase imprinting and a repulsive potential barrier
was raised, reducing the density at a point in the ring. For ¢ = 1 superflow, the detec-
tion was binary, and hence they plotted the survival probability of circulation versus
barrier height. For a barrier height above a certain value they observed a dramatic
reduction in survival probability, associated with flow above the critical velocity in the
barrier region. Using similar methods to estimate the superflow velocity at the bar-
rier, they find their measured v, to be consistent with the Feynman velocity v, and
from this infer the decay mechanism to be phase slips. In contrast, for our experiment
we found the Feynman velocity did not provide an accurate prediction of the critical

velocity we observed, and more importantly could not explain the variation in critical
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velocity we observed with changing atom number. At first glance then these two results
seem incompatible, however closer inspection actually reveals agreement between the
two measurements, and only a difference in interpretation.

Importantly for the experiment in [100], the local chemical potential in the barrier
region is only on the order 100-200 Hz, and hence is bordering the quasi-1D regime.
For such a low chemical potential, the small radial extent of the annulus means the
ratio of the Feynman critical velocity to the effective sound velocity is close to its max-
imal value (5.41). While their measured critical velocity is found to agree with v, in
their case this actually corresponds to v. =~ 60%c1p, and therefore the discrepancy is
not as large as first seemed. The remaining difference in critical velocity between their
experiment and ours can be explained by the differing definitions of the critical velocity
which were used.

In our experiment we define the critical velocity as the flow velocity above which
decay is ultimately inevitable and occurs on the millisecond scale. Therefore we assign
the condition vs(q) = v, to the largest flow velocity we observe for a given ¢ state. For
vs < v, we still observe phase slips, however we interpret these as rare stochastic decay
events which can occur through thermal or quantum fluctuations, as observed in liquid
helium and superconducting nanowire systems. In contrast, the condition for reaching
the critical velocity in [100] is defined as the velocity at which (¢) = 1/2. While they do
observe some width to this transition, they attribute this to technical fluctuations rather
than any stochastic nature of the decay events. To distinguish this definition from our
own, we label such a velocity as an effective critical velocity v.. This effective critical
velocity does not therefore define the maximal allowed flow velocity without decay, but
instead defines the velocity above which supercurrent decay becomes likely. Looking
at our data in figure 5.11, we observe that such a definition decreases the critical flow
velocity we consider by around 20%, and increases the sound velocity we consider by
around 25%. Therefore we find our data is also consistent with v./c1p =~ 0.6 — 0.8.
This suggests that the two data sets are not necessarily inconsistent, simply that the
interpretations of flow reaching the critical velocity are different. Importantly however,
since our experiment uses data from several g states with decay at higher values of
the chemical potential, we are able to conclusively discount the Feynman criteria as an
accurate quantitative measure of the critical velocity. This enables us to interpret our
data as stochastic phase slips as vs; — v., and a hard cutoff for superflow above the

local sound velocity, ¢1p, where decay is inevitable.

5.6 Statistics of stochastic phase slips

In our discussion of the critical velocity, we defined the critical velocity as the minimum

superflow velocity of the system above which the superflow would decay both rapidly
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and inevitably. This is consistent with numerical solutions of the GPE which find that
for flow above the critical velocity, phase slip events occurring via vortex-antivortex
annihilation take place within about 0.5 ms [173]. At absolute zero temperature in the
absence quantum tunneling of the order parameter, one would then expect a given ¢
state to remain perfectly stable until gradual atom loss brought about the condition
vs(q) = v., at which point a phase slip would occur to the g — 1 state. Returning to the
particle in a washboard analogy in figure 5.1, the condition vs = v, then corresponds to
the energy barrier disappearing, and the local energy minima at L/N = gh vanishing,
causing decay to the next local energy minima.

Looking at our data in figure 5.11 (d), we clearly observe a less deterministic process.
We observe stochastic phase slips occurring for vy < wv., corresponding to particles
escaping their local energy minima before the energy barrier reaches zero. Purely
experimentally, this is directly observed in the horizontal overlaps of the different ¢
plateaus as a function of N in figure 5.8 (b). Similar overlaps are seen in the time
domain in figure 5.2 (b), showing that the observed ¢ is not a deterministic function
of either ¢ or N. From figure 5.11 (d), we see that only a small fraction of this overlap
can be attributed to technical fluctuations in our experiment. Factoring in the atom
number and trap fluctuations indicated by the shaded areas in figure 5.11 together with
shot-to-shot variations in atom number detection of ~ 6%, such technical fluctuations
can only account for ~ 25% of the observed overlap in g-state plateaus.

We therefore conclude that there exists a significant parameter space where the
superfluid flow is subcritical but stochastic phase slips still occur on a time scale of
seconds. We can then consider the supercurrent state, ¢, for vs(¢) < v, as in an energy
minimum where there still exists an energy barrier preventing decay to the ¢ — 1 state.
As vy — v, the size of this barrier tends towards zero, and hence the probability of
crossing the barrier and causing a phase slip increases exponentially. As was observed in
helium and superconducting nanowire experiments, the nature of this barrier crossing
could be due to either thermal or quantum fluctuations.

The possibility of thermal activation of phase slips for vs < v. was considered in
[175], where a numerical implementation of the truncated Wigner approximation was
used to simulate the experiment of Ramanathan et al. in [100] at finite temperature.
These calculations found the observed reduction in the effective critical velocity v, =
0.6c1p from the zero temperature GPE value of v. = v. = ¢1p was consistent with a
temperature of ~ 35 nK. For our experiment we find an effective critical velocity for the
g = 3 — 2 transition! of v, = 0.73¢1p, and we independently measure our temperature
by fitting the thermal component in TOF as T' = 29 4+ 3 nK. Such a result is certainly
of a similar order to that of the calculation and, provisionally at least, suggests the

stochastic decay events we observe may be explained by thermal activation of the

'We cannot easily define similar critical velocities for subsequent phase slips since the initial popu-
lation in these ¢ states depends on decay from higher ¢ states.
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Figure 5.12: Counting statistics of phase slips: (a) For the data shown in figure 5.2 we plot
the distribution of the observed ¢ values as a function of rotation time ¢. Each data point is
an average over a 0.8 second time bin. The inset shows the smooth evolution of (¢) with ¢. (b)
Histogram of g values for four representative rotation times.

system over an energy barrier. Such a hypothesis could then by tested by repeating
this experiment as a function of temperature. With increasing temperature the system
could be excited over a larger energy barrier at smaller values of vg/v., and hence one
would expect to observe phase slips at larger values of V.

Our ability to resolve ¢ states allows us to study the evolution of the ¢ distribution
in time. This in essence provides full time-resolved counting statistics of phase slips,
and should provide excellent input for further theoretical modeling and understanding
of our observed stochastic decay dynamics. In figure 5.12 we present such an evolution
in time for the same data set as in figure 5.2, which forms the basis of our critical
velocity analysis. We note that this accelerating decay process is not Markovian since
the phase slip probability grows as vs/v. increases through the gradual decay of N. For
larger data sets this opens the possibility to fit this to solutions of the rate equation,
and thereby extract how the phase-slip probability evolves with time. Such results
could provide insights into the form of the energy barrier, and therefore shed light on
the decay process and the role of thermal and quantum fluctuations. We also note that
the mean rotational state, (¢), decays smoothly with time (inset of figure 5.12), so our
ability to experimentally resolve different ¢ states with high fidelity will be essential to

further understanding phase slip dynamics.

5.7 Conclusion

In conclusion, we have demonstrated and studied long-lived multiply charged superflow

in an annular atomic BEC. We resolve with high fidelity quantised steps in the decay
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5.7 Conclusion

of the supercurrent, which corresponds to vortex-induced 27 phase slips. This result
allows us to unambiguously identify the decay mechanism as phase slips, independent
of any calculations. The supercurrent decays rapidly if the flow velocity approaches a
critical velocity that is in agreement with our numerical calculations of the excitation
spectrum. Our numerical calculations identify a transition from a large condensate

regime where the relevant excitations are surface instabilities and v, = v

, to a small
condensate regime where the relevant excitations are phonons localised in the conden-
sate bulk and v. = ¢1p. For our data on phase slips we are in the small condensate
regime, and hence observe a critical velocity in agreement with the averaged speed of
sound, as predicted by numerical solutions of the GPE.

While our calculated v, is in good agreement with the maximal flow velocity we
observe, we also find stochastic phase slips occur at a much lower rate, for lower flow
speeds. An important question for future work is whether these rare phase slip events
occur via quantum or thermal fluctuations. This obviously points towards further ex-
periments studying the dynamics of phase slips as a function of temperature. Such an
experiment would be analogous to those performed in liquid helium [88] and supercon-
ducting nanowire [84] systems, which have been able to identify two distinct regimes
dominated by either thermal or quantum fluctuations. It should also be possible to
reach the regime of one dimensional superflow, where it’s possible the supercurrent
decay could be fundamentally different.

Another important direction for future study would be to measure the critical ve-
locity for higher charge superflow. One of the main sources of uncertainty in both
our experiment and that in [100], is that for modest g values the flow velocity only ap-
proached the critical velocity for low values of the local chemical potential. In particular
for our experiment, the deconvolution step introduces a systematic uncertainty which
is quite small as a fraction of the trap roughness. However, when compared to the local
chemical potential at which we observe decay, this uncertainty becomes significant. In
contrast, high charged superflow would decay at larger values of the local chemical po-
tential where uncertainties in calculating the flow velocity and critical velocity would
be lessened. For now however, we decided to explore a different direction by studying
the role of the spinor degree of freedom on supercurrent stability, the results of which

are presented in the following chapter.
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Chapter 6

Persistent currents in spinor condensates

In the previous chapter we studied the stability and decay of persistent currents in
single-component condensates. We showed that decay occurred through stochastic,
vortex-induced phase slips, the probability of which increased as the flow velocity ap-
proached the critical velocity. In this chapter we extend our studies to multi-component
systems, in particular those involving two spin states. Such an extension is essential
for the further understanding of superfluids with a vectorial order parameter, such as
those in d-wave and p-wave superconductors, and certain phases of superfluid *He.
These experiments are also pertinent to the application of ultracold atom systems,
with persistent currents in multi-component systems a necessary aspect of many atom
interferometers. Persistent currents in two-component Bose gases have been studied
theoretically [183-187] but many issues remain open. Even the central question of
whether, and under what conditions, this system supports persistent currents has not
been settled.

In this chapter we study the stability of supercurrents in a toroidal two-component
gas consisting of 8’Rb atoms in two different spin states. For a large spin-population
imbalance we recover the long-lived metastable behaviour of the single component case
in Chapter 5, with superflow persisting for over two minutes and limited only by the
atom-number decay. However at a small population imbalance the onset of supercur-
rent decay occurs within a few seconds. We demonstrate the existence of a well-defined
critical spin polarisation separating the stable and unstable current regimes. We also
study the connection between spin coherence and superflow stability, and show that in
our system only the modulus of the spin-polarisation vector is relevant for the stability

of the supercurrent.

6.1 Multi-component condensates

Multi-component condensates are defined as systems where two or more internal quan-
tum states are macroscopically populated. Such systems then possess internal degrees
of freedom relating to the relative population and phase of each component, in addi-

tion to the usual external degrees of freedom of a single-component condensate. The
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6.1 Multi-component condensates

interplay between these external and internal degrees of freedom in multi-component
systems can then lead to a range of phenomena not present in scalar condensates. In
this section we aim to introduce some of the theory of multicomponent systems. We
emphasise that a complete theoretical understanding of our observations regarding the
stability and decay of a two-component superflow is still lacking. The topics covered
here are therefore not intended to offer an explanation of the measurements which fol-
low, but simply touch on some of the theory which we feel may be relevant.

The requirements for studying multi-component condensates are two fold. First the
possibility of studying multi-component condensates is dependent on the collision prop-
erties of the given mixture. Many configurations suffer from the presence of scattering
resonances and scattering channels with negative s-wave scattering length, leading to
heating and condensate collapse respectively. Second, one requires a trapping poten-
tial capable of confining both states with non-trivial overlap. For magnetic traps this
equates to studying states which posses equal magnetic moments. In a conventional
magnetic trap, the spins of the atoms are frozen, constrained to follow the field direc-
tion. As a result, even though the atoms carry spin, they behave like scalar particles.
Possible multi-component condensates in magnetic traps are then restricted to different
hyperfine states of the same isotope, and mixtures of two different species of bosons.
Conversely, in an optical trap the spins of the atoms are essentially free, providing us
with an additional non-trivial degree of freedom. Possible multi-component conden-
sates in optical traps then also include different magnetic states of a single hyperfine
level. This leads to the natural distinction of multi-component condensates into two

categories: mixtures and spinors.

6.1.1 Spinor condensates

A spinor is defined as a multi-component condensate containing all magnetic sublevels
of a manifold of states with a single value of the hyperfine spin F'. For the F' = 1 state
which we consider here, this corresponds to a condensate in the three hyperfine spin
states mp = 1,0, and —1. The internal states of a spinor condensate are then related by
rotational symmetry in spin space. Experimentally, long-lived spinor gases have been
realised in three spin manifolds: the F' = 1 hyperfine manifold of both 2*Na [188] and
87TRb [189], and also the upper F = 2 manifold of 8’Rb [190]. The significance of such
a system is that while the total particle number is conserved, due to the possibility of
spin-exchange collisions the particle number for any one mg state is not. For example,
an atom in the mp = 1 state may inelastically scatter with another in the mp = —1
state to give two atoms in the mpr = 0 state, or vice versa.

The general formalism of the low energy Hamiltonian for a spinor condensate is
given in [191, 192]. Collisions in the system are described by a pairwise interaction
that is rotationally invariant in the hyperfine spin space and preserves the hyperfine

spin of the individual atoms. Two identical bosons with F' = 1 in an s-state of their
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6.1 Multi-component condensates

relative motion can couple to make states with total angular momentum, F = 0 or
2, since the requirement that the wave function is symmetric under particle exchange

rules out collisions with F = 1. The general form of the interaction is then given by
V(ry1 —ra) =6(r1 —r2)(90Po + 92P2), (6.1)

where gr = 4nh%ax/m, the operators Pr project the wave function of a pair of atoms
onto a state of total angular momentum F, and ag and as are the corresponding scat-
tering lengths for the singlet and triplet channels respectively. This is usually expressed
in terms of the operators for the angular momentum of the two atoms, denoted by F;

and Fs. The contact interaction may then be expressed as

90Po + g2P2 = co + c2F1 - Fo, (6.2)
where k29 k2
PRLLL LU ) (63
m 3 m 3

The Hamiltonian in second quantised form is then
. h . . A
H :/dr (mv\yg VU, + Vet U0,
CO 2+ ot o 2 [ JEP 4 a4
+ UL by + ST By - By B (6.4)

where ¥, is the field annihilation operator for an atom in the hyperfine state mp = a

(a =1,0,—1) at point r, and the angular momentum matrices are written as

) 010 ] 0 -1 0 10
7
Fpb=—11 0 1], = — 0o -1], F.=10 0 0 6.5
z \/5 ) \6 z ( )
010 0 0 0 —1

We note that in the absence of an external magnetic field to break the symmetry, the
Hamiltonian is rotationally symmetric in spin space.

The time evolution of the field operator can be found by using the Heisenberg
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6.1 Multi-component condensates

equation with the Hamiltonian (6.4):

. 8@1 h2 2 - 2y A .|_ A A
ih=g = =5 V21 + (Ve — )1 + (0 + €2) Z\Hf 2
+ o (‘iﬁ_l‘i’o\i’o — 2\@11\1’_1@1) , (66)
. a\ij() h2 22 2 [ Ad oA | A
ZFLW = —%V \IIO + [Vvext - MO]\IIO + (CO + 02) ; \III\Ijz \IIO
+ o (2\112){[/1@_1 — \ifg\ifo\ilo) s (67)
L oW [P . PO
ih It L. —%v2‘1’71 + [Vext - Mfl]‘l’fl + (CO + C2) ; \1/;[\111 vy
+ c2 (\ifi\ifo\i’o - Z\iq\ifl\jf,l) R (68)

where the three chemical potentials u;, are defined such that the total particle number
and magnetisation are conserved. In this formalism one can explicitly identify the
spin mixing terms. Importantly, such spin exchanging collisions coherently transfer
populations between different spin states, with coherent oscillations observed in mpg
populations due to such collisions [193, 194]. Coherent spin dynamics preserve the
coherence between the different internal state components of a spinor BEC, and many
of the characteristic phenomena of spinors, such as spontaneous magnetisation and
symmetry breaking, are physical consequences of this coherence. In a mixture where
such spin-exchange terms are absent, while there can still be coherence between the
internal state populations, such coherence does not affect how the physical system
evolves. Therefore, while a mixture can be considered to evolve as an incoherent overlap
of individual condensates, such a picture is not valid for spinor gases.

The significance of spin dependent interactions is determined by the value of co,
which is generally much smaller in magnitude than cyp. Nevertheless, the sign and
magnitude of ¢y is found to have significant implications on the properties of a spinor
gas, including its ground state structure, spin wave modes, and possible topological
spin structures such as coreless vortex states. So far we have neglected any possible
effect due to long-range magnetic dipole-dipole interactions (MDDI). For most ultracold
atom experiments the MDDI is negligible in comparison to the spin-independent contact

interaction!

. For spinor gases however, since the MDDI is both spin-dependent and
long-ranged, it is expected to play a significant role in determining the low field ground
state [197], and the long range formation of spin structures [198]. Experimental evidence
for the role of MDDI in spinor condensates has even been observed in [199], where the
spontaneous dissolution of long-wavelength spin textures in a 8Rb F = 1 spinor BEC

was attributed to long-range magnetic dipole interactions. As we have alluded to,

!This is not the case for condensates of *>Cr [195] and '®*Dy [196], which have exceptionally large
magnetic dipole moments, where the energy associated with long-range dipole interactions can become
comparable to that of the mean-field interaction energy.
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6.1 Multi-component condensates

spinor condensates exhibit a dizzying array of static and dynamic properties. Reviews
of some of the pertinent experiments and directions of research in this expansive field
are available in [200] and [201]. We now consider the often simpler case of a condensate

mixture, where spin exchange collisions are forbidden.

6.1.2 Mixtures

A mixture is defined as a multi-component condensate where the particle number for
each species is strictly conserved. If we consider a mixture of two-components labeled
1 and 2 with equal mass, which experience the same trapping potential, the GP energy

functional is given by [19]

12 12
B /dr <2myv\p1|2 Ve (DU 4+ S [T + Ve ()] 3
2w 20 + o0 W) (6.9)

The interaction parameters gi1, goo, and gia = go1 are related to the respective scat-
tering lengths a11, as2, and a1z by g;; = 47rh2a,-j /m. Minimising this energy for fixed

particle number one obtains the time-independent coupled GP equations

hZ

=5 VUL Ve (1) U1 + g1 [ 0101 + g1a[ a0 = 11 0y (6.10)
h?

—%VQ‘% + Vext (1) W2 + g22| W2 [* Ua + g12| U1 [P Vg = 2Py (6.11)

We therefore see that for a mixture, each component simply experiences the mean field
potential arising from both populations. The coupling between the two components
through the intercomponent mean field as determined by the value of g12, yields struc-
tures and dynamics which are not present in a single-component BEC.

The two-component persistent current we study is a mixture of atoms in the
|FF=1,mp =1) and |F =1, mpr = 0) magnetic states, and therefore is a spinor gas.
We note however that our system is in an external magnetic field of 10 G, and therefore
due to the quadratic Zeeman shift, the energy gap between the mp = —1 and mp =0
states is 14.4 kHz larger than the energy gap between the populated mrp = 1 and
mp = 0 states. Spin exchange collisions to the mp = —1 are therefore energetically
prohibited, and for an initial state where the mp = —1 state is not populated, the pop-
ulations of the mp = 1 and mp = 0 states are conserved. Taking the time dependent
GPE equations for a spinor in (6.6) and (6.7) and removing spin-exchange terms, one
retrieves the equations of motion for a mixture with inter and intra-species scattering
lengths given by

2a2 + ag

3 N ajp = ag. (6.12)

a1l = ag, app =
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6.1 Multi-component condensates

We therefore anticipate our spinor condensate to be described by a mixture with the
appropriate scattering lengths given above in terms of the singlet and triplet scatter-
ing lengths. Such a view is confirmed experimentally by the fact that we observe no
population of the mp = —1 state due to coherent scattering from the mp = 0 state.
Calculation of the scattering lengths in terms of singlet and triplet scattering lengths
can also be done by decomposing the states of total angular momentum |F, mr) using

the appropriate Clebsch-Gordan coefficients

mi=F  mg=F;

| F,mz) Z Z |F1,mp1, Fo,mp) (F1, Fo;mpr, mpa| |[F,mg),  (6.13)

m1=—F ma=—F5

where F; = 1 and F5, = 1. One can then express the state of the two incident particles

|F,mp1, F,mpo) in terms of states of their combined total angular momentum F:

|mF1 =1 My = 1 ‘./_" =2 s Mr = 2> (6.14)
’mpl—o mFQZO \/>|.F2 m;—O \/>‘./—"0 m]:—0> (6.15)
(|mF1 = 0 Mmpo = 1> + ]mFl =1 ,Mpy = 0>) |.7: =2 ,MF = 1> (6.16)

\/5

from which one confirms the results of (6.12). The values of ap and ay for the F' =1
state of 8’Rb are given as [68, 202] ag = (101.78 & 0.2)ap and ay = (100.4 £+ 0.1)ap,
where ap is the Bohr radius. From this one calculates the relevant inter and intra-

species scattering lengths for our system as
a1 = (1004 +0.1)ap, agp = (100.86 + 0.13)ap, a1p = (100.4 +0.1)ap. (6.17)

As we discuss in Section 6.1.4, the fact that these values are so close has important
consequences for the ground state and dynamics of our system. Strictly speaking, one
may only decompose the scattering lengths in terms of singlet and triplet channels
at low magnetic fields where F' is a good quantum number [191]. We assume this
decomposition is valid in our experiment since the associated Zeeman energies are
much smaller than the hyperfine splitting.

In this chapter we use the pseudo-spin representation, where our two-component
mixture is represented by a spin-1/2 BEC [203]. Introducing the normalised spinor
x(r) = [x1,x2]T = [|x1|e?, |x2|e®]T, we can decompose the wave function of each
component as W; = /n(r)x;(r), where n(r) is the total density of both components.
Defining the spin density as S = x(r)Tox(r), where o is the Pauli spin matrix, the unit

spin vector is then defined as

Sy 2Re(x1x53)
Sy | = | 2mean |- (6.18)
S. Ix1l? = Ixal?
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6.1 Multi-component condensates

We therefore represent our two-component spinor BEC as a unit vector on the Bloch
sphere, where mp = 1 and mp = 0 are the up and down components of the spin 1/2
spinor respectively. This formalism implies a relative phase coherence between the up
and down states. Decoherence then corresponds to a shortening of the state vector

from |S| = 1. The energy functional (6.9) can then be written in the form

h? h’n mn
E— e 2  m 2 mn_o
/ dr ( S (VYA + (VS +
n2
+Vext + ?(’Vo + 7S, + ’7253)> ; (6.19)
where we define the coupling constants
g+ 922+ 2612
0— )
4
yo=HL 92 ;922, (6.20)
g1+ 922 — 2012
2 — )
4
the spin stiffness
(VS)? = (VS2)* + (VSy)? + (VS.)?, (6.21)
and the effective velocity
h * * * *
Vet = 5 (VX1 = XaVXT + X2 Ve — X2 V) (6.22)
h S.(SyV Sy — S:VS,y)

_ 2
5 V(01 +62) + (6.23)

S2+ 52 ’
which depends both on the gradient of the total phase and that of the pseudo-spin. This
form illustrates that for a general mixture where g11 # g29 # g12, the system experiences
a fictitious interaction-induced linear and quadratic Zeeman shift which breaks the
rotational symmetry in our pseudo-spin space. The form of the effective velocity also
has important connotations for the stability of persistent currents in a Bose mixture.
In general we note that there is now an interplay between mass currents, associated
with the gradient of the phase, and spatial variations in the spin vector. Formation
of spin textures is energetically costly due to the presence of the (VS)? term, which
introduces a spin stiffness to the system. This equation is analogous to the classical

nonlinear sigma model which describes Heisenberg ferromagnets.

6.1.3 Dynamic stability

In Chapter 5 we found that the onset for superflow decay by phase slips could be
understood by considering the excitation spectrum of the system. In that same spirit
we now consider the excitation spectrum for a two-component mixture described by
equations (6.10) and (6.11). For a uniform system the time-dependent GPE takes the
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form
h— = | —— )\ 1\ U 6.24
i 5 [ QmV + g11|V1]* + g12| V2 1 ( )
. 0Uy R 5 5
h— = | ——— g U g 2
ih=5, [ 5V T g22| Vo + g12|¥1]7| W, (6.25)

where the wavefunctions are normalised as |¥;|? = n;, where n; = N;/V is the particle
density for component i. As before, when we calculated the excitations of a single
species uniform condensate in Section 2.3.1, we consider plane wave perturbations to

the ground state of the form

W,(t) = e MW 4 5w(1)), (6.26)

where
SWi(t) = wje 1= 4 gt eiwi=ar) (6.27)
i = Giimi + gignj, (6.28)

for the two components {i, 7} = {1,2}. Inserting this into the coupled, time-dependent

GP equations we obtain the matrix equation

U1 €q T 91111 giini g124/N112 g124/M1N2

o | 20| = —g11m1 —€g — g11N1  —g124/N1N2  —gi2/N1N2 (6.29)
U2 g124/M1M2 g124/N1M2 €q + goa2na g22m2 ,

V2 —g124/MN2  —g124/N172 —g22Nn2 —€g — g22M2

where ¢, = h%q?/2m is the free particle energy. The energies of the excitations are then

given by the determinant of this matrix as

1 1
(h)? = 5(& + &) £ 51/ (¢ - &) + 166 munagh,, (6.30)
where
2 =9 2 6.31
1 gnnleq +€q ( . )
e% = 2g22n26q + GZ. (6'32)

In the limit that we remove the inter-species coupling (g12 = 0), or the density of
one of the components goes to zero, we retrieve the excitation spectrum for a uniform
single species condensate which we derived in Section 2.3.1. The condition for dynamic
stability is that all the eigenfrequencies are real. From (6.30) this correspond to the

condition

911922 > g12°. (6.33)
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This is often expressed as the criterion for the two components to be miscible. If this
condition is not met, the mean field energy each component experiences from the other
species is greater than that which it experiences from itself, and hence the lowest energy
configuration is for the two-components to separate spatially. If this is the case, the
time scale of this phase separation is given by the value of the largest imaginary eigen-
value, and the length scale of the spin textures which form is given by the wavenumber
q associated with this eigenfrequency. The dynamics of such phase separation have
been observed experimentally in [204-206].

For our two components, mp = 1 and mp = 0, the scattering lengths (6.17) are
such that we anticipate our system to be dynamically stable and therefore miscible.
As the scattering lengths are so close however, the maximum energy barrier towards
phase separation, occurring for equal populations in each component, is only 3 Hz per
particle. We therefore find that our two-component system is extremely sensitive to
external factors such as magnetic field gradients and the polarisation of our optical
trap, which can differentiate between the two states and overcome this small energy
barrier towards phase separation. The cancelation of such effects is discussed in Section
6.1.4. Due to fluctuations of both the experiment, and inherent thermal and quantum
fluctuations of the system [148], over very long times we find the system is unstable
towards the formation of spin textures. Our measurements of this effect are presented
in Section 6.1.5.

Our calculations of the excitation spectrum for a two-component condensate in
a ring are shown in figure 6.1. This calculation was done by extending our numerical
calculation for the 2D single species BEC in a ring (explained in Appendix B) to the
two-component case. A similar result is obtained by mapping the excitation spectrum
calculated for a uniform two-component condensate in (6.30), to that of a one dimen-
sional system on a ring. This amounts to simply replacing the interaction parameters,
gij, with effective 1D parameters averaged over the radial and vertical directions. Due
to the very small spin dependent energy, we find that the dispersion relation is very
close to quadratic. The energy barrier to formation of long-wavelength excitations is
therefore very small, however the restriction that the wavefunction is single valued leads
to quantised values of the angular wavenumber m, which increases this somewhat. The
form of the excitation spectrum is very similar for all ratios of the two populations. The
inset, which shows the spectrum at small values of m for three different ratios of the
two populations, actually shows that the case of equal populations in each component
is the most stable. As the population imbalance becomes larger the system becomes
less stable.

Unlike the single species case, inferring the stability of persistent currents from cal-
culations of dynamic stability is clearly not correct for the two-component case. All
this calculation tells us is that if one adds a small admixture of a second component

to the system, the energy barrier to creating spin textures is very small. As the ad-
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Figure 6.1: Excitation spectrum for an annular two-component BEC: Plotted is the excitation
energy (in units of fw,.) versus angular wavenumber for numerical solutions of the 2D GPE for a
two-component mixture in a ring with equal populations in the mp = 1 and mpr = 0 states. This
calculation predicts an excitation energy close to quadratic in m, and therefore a small energy
barrier to the formation of long-wavelength excitations. Inset is the initial part of the slope for
the three different mixture populations N(mg = 1) : N(mr = 0) = 0.5 : 0.5,0.75 : 0.25, and
0.98 : 0.02, as indicated by the black dots, blue triangles, and red triangles respectively. The
spectrum is close to identical under exchange of the relative populations of the two components,
N(mp =1) and N(mp = 0).

mixture becomes larger, the energy cost of creating such spin textures increases in a
trivial manner. The stability of the system against forming such excitations does not
directly tell us about the stability of the system against dissipating angular momentum.
Indeed such a calculation shows us that if we take the single species system, which we
have shown to possess a large critical velocity, and add a vanishing small admixture of
the second component, this critical velocity all but vanishes. Such a discontinuity in
behaviour is unphysical, and clearly indicates that the excitations we are considering
in the two-component case are distinct from those in the single-component case, and
do not relate directly to the decay of supercurrents.

The primary tool by which we were able to understand the onset of superfluid in-
stability in the single species case does not then seem to apply to the two-component
case. As we will show, while we have been able to accurately measure the conditions
under which a two-component persistent current becomes unstable, as yet we do not
fully understand this condition. This problem is therefore perfectly poised for further

theoretical work to both explain our findings, and point the way to future experiments.

6.1.4 Phase separation

To observe long-lived persistent currents in a two-component condensate, it was first

important to remove environmental factors which would differentiate between the two
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Figure 6.2: Phase separation: (a) Absorption images of the mp =1 (|1)) and mp = 0 (|4))
states phase separating in the presence of a weak magnetic field gradient. The surface plot
shows the total density, which is observed to remain constant during the phase separation. The
colour of the surface indicates the relative population of the two components. (b) Absorption
image of the mp = 1 state only, in an ¢ = 5 LG beam ring trap in the presence of a small

amount of leakage Gaussian light. The density of the mp = 0 state is the inverse of this, such
that the total density is uniform around the ring.

VB
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states. For the mp = 1 and mp = 0 states which have different magnetic moments,
the primary concern is magnetic field gradients. In the presence of in-plane gradients
the two-component gas is extremely susceptible to phase separation. In figure 6.2 (a)
we show in-trap absorption images of the mp =1 (|1)) and mp = 0 (|})) states phase
separating due to a small field gradient. The total density is uniform around the ring,
and only by simultaneously trapping two components can one detect the presence of the
magnetic gradient. The orientation of the phase separation is repeatable, and therefore
we were able to cancel this gradient by the use of two orthogonal compensation coils
positioned close to the atoms. The sensitivity of the two-component gas is remarkable,
and by ensuring the two states showed perfect and repeatable spatial overlap even after
10 seconds hold time, we minimised in-plane magnetic gradients to < 5 x 107> G /cm,
roughly equivalent to an energy difference across the ring of 1 Hz per particle.

A second, less obvious, cause of phase separation turned out to be the imperfect
polarisation of our ring trap light. As derived in Section 4.3.2, the dipole potential for
a multilevel system depends on the product of the polarisation of the trapping light
and mp state of the atom. Our LG trapping beam has equal components of o and o~
polarised light, and hence should trap all mg states equally. In reality, slight misalign-
ment with respect to the field direction or polarisation dependent reflections will cause
a marginal imbalance in the polarisations, and hence one mp state will see a deeper
trap than the other. For most situations this simply manifests as a small global shift
in the potential and has no effect on the experiment. Due to our Raman setup (figure
4.7), a small amount of LG light propagates along the Gaussian path and does not

pick up a 27¢ phase winding. Interference of these two beams at the atoms creates a
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small azimuthal corrugation in the LG intensity, which for a single species condensate
is undetectable. If we trap two species however, the combination of this interference
and the imperfect polarisation, cause a phase separation of the like shown in figure 6.2
(b). The state which experiences the slightly deeper potential moves into the minima
of the corrugation, and the other spin state fills the gaps to preserve the total density.
This effect appears identical to the matter-wave interference of Section 4.4.1, but is
simply due to the trapping potential. To remove this effect we place a shutter in the
path of the Gaussian light, which is only briefly opened during the Raman transfer.
Having canceled these two effects, we observe the two states remain mixed after
10 seconds hold time. As shown in the next Section, at even longer times we find the
system is unstable towards forming variations in the densities of the two individual
components. Neither the direction nor degree of such spin textures is repeatable how-
ever, and therefore we cannot identify the source of these dynamics as being either

technical, or as inherent fluctuations present in the two-component condensate.

6.1.5 Spin domain formation

There have been many studies on spin mixing dynamics in degenerate spinor Bose gases
[200]. Such dynamics are associated with the redistribution of atomic populations
among spin states and the formation of spin domains and spin textures. Of those
experiments, [206] and [207] also studied two-component F' = 1 spinor gases in the
presence of large quadratic Zeeman shifts, where spin-exchange scattering to the third
mp state was energetically eliminated. Both of these studies used immiscible mixtures,
where the gas was dynamically unstable to phase separation. Due to the small spin
dependent energies, such systems take several seconds to reach equilibrium, and exhibit
interesting features such as the growth and coarsening of large scale spin domains which
are nucleated by initial fluctuations.

In our case of mp = 1 and mp = 0, the two states are miscible. To characterise our
two-component state we define the longitudinal spin polarisation
_ M- N

po=_1 v
z NT+N¢’

(6.34)
where N;(N}) is the number of atoms in the mp = 1(mp = 0) state. Using an
RF 7/2 pulse we prepare an initial superposition state, |¥) = (|1) + [1))/V2 with
equal magnetic state populations (P, = 0), and then hold for various times. We then
measure the local variation of P, by imaging only the mp = 1 state using a microwave
7 pulse to transfer the population to the imageable |2,2) state. In our system, for the
starting atom number, the width of the annulus (R, ~ 6 um) is comparable to the spin

healing length (§ = 1/4/8mn%3% ~ 4 um)! [199]. As the atom number decays during

!The spin healing length is similarly determined as the length below which the kinetic energy of
spins wins over the spin-dependent interaction energy.
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Figure 6.3: Spin domain formation: (a) Using an RF 7/2 pulse at ¢ = 0 we prepare a spin-
superposition state with equal populations in each magnetic state (P, = 0). Allowing the
state to evolve in time, the superposition decoheres and the transverse spin polarisation decays
(Section 6.3). We also observe a spreading in P, values about the mean which we detect by
imaging only the |1) state using a microwave transfer. (b) Evolution of the variance of P, with
hold time. Each data point is an average of 8 images, and normalised to control shots which
account for variations in the total density due to the imperfect trapping potential. (c) The
distribution of measured local P, as a function of hold time. Insets show typical absorption
images of the |1) state only, at short and long hold times. At all times the total density is
uniform.

evolution, the width of the annulus decreases while £ increases, and hence the spin
degree of freedom becomes increasingly one-dimensional. We therefore approximate
that the spin structure only varies significantly azimuthally around the ring and not
across the width of the annulus. Hence we integrate the density over the radial direction
when measuring P,.

The results of this measurement are shown in figure 6.3. While the total P, is
conserved, we observe the formation of local spin domains of high and low P,, the
variance of which is plotted against hold time in figure 6.3 (b). We find the fluctuations
in P, grow over the first 20 seconds and then saturate. The saturation value is close to

the value of 1/3, which one would obtain if the distribution of P, values was uniform
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between —1 and 1. In figure 6.3 (c) we plot the evolution of the P, distribution with
time. At short times the P, values are tightly distributed about the initial P, = 0
value, corresponding to all state vectors lying on the equator of the Bloch sphere.
With increasing hold time an increasing range of P, values is observed, corresponding
to atoms moving off the equator of the Bloch sphere. At very long times the distribution
is close to uniform for all P, values, corresponding to a uniform distribution of state
vectors over the Bloch sphere. This particular data is taken for an initial superposition
state which is rotating with ¢ = 3 at ¢ = 0. The same evolution of P, values is observed
for the non-rotating case. The fact that the distribution of P, values shows no angular
dependence around the ring suggests this is not a technical artifact resulting from
remnant magnetic gradients.

If one only considers the s-wave contact interaction, then our spinor BEC should
be dynamically stable and the observed formation of spin textures at long hold times
is difficult to explain. The fact that the energy barrier to phase separation is so small
though, means additional mechanisms which one usually neglects may have a significant
effect. In the experiment of Vengalatorre et al. [199] for example, it was found for a
8TRb F = 1 spinor condensate that the role of magnetic dipole-dipole interactions
could have a significant effect on the stability of spin structures. The influence of
dipolar interactions on the spinor gas was evidenced by the spontaneous dissolution of
deliberately imposed long-wavelength spin structures, in favour of a finely modulated
pattern of spin domains. This effect was ascribed to the magnetic dipole energy which
disfavours the homogenously magnetised state. One could therefore hypothesise that

the spin dynamics we observe may similarly be driven by magnetic dipole interactions.

6.2 Two-component supercurrent

To prepare our two-component supercurrent we first prepare a single-component per-
sistent current using the same method explained in Chapter 4. As before, we load
our condensate into the ring trap created by intersecting the sheet laser beam with an
LG! beam of £ = 3. Due to changes in the sheet beam optics, the vertical trapping
frequency is reduced to w, = 27 x 340 Hz. Initially we load about N =~ 150 x 103
atoms into the ring trap, which we then hold for 6 seconds to reduce the starting atom
number for our measurements to N a 100 x 103. This reduction in atom number has
no discernible effect on the supercurrent stability, but is found to make the angular
momentum state of the two-component supercurrent easier to measure. Due to spin
dynamics, the presence of both spin states leads to azimuthal density variations in the
density holes which we observe at long TOF. These density variations can make the
radius of the hole, and hence the angular momentum of the state, harder to accurately
quantify. Empirically we find a reduced atom number improves our fitting procedure

and enhances the signal of quantisation.
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Figure 6.4: Preparation of a two-component supercurrent: (a) Supercurrent is induced in a
single component condensate by a Raman transfer of atoms between the two spin states |1)
and [|), using the LG beam and an auxiliary Gaussian (G) beam. A two-component gas is
then created by coupling the same |1) and |]) states with an RF field which imparts no angular
momentum to the system. Here we denote the energy difference between the stationary and
rotating |1) state of ¢?E,., with E,./h ~ 0.4 Hz. (b) Plot of measured spin polarisation, P,,
versus RF pulse time. By varying the time of the RF pulse between tgr = 0 and tgp = t, = 140
s we can prepare a state of any given P,. Also shown is the Bloch sphere representation of the
rotation of the initial state vector of our spin 1/2 system with RF pulse time. The blue arrow
denotes our two-component state vector, while the green arrow denotes the effective magnetic
field created by the RF coupling, which the state vector then precesses about.

To set the gas into rotation the auxiliary Gaussian beam is flashed on briefly, trans-
ferring the atoms via a two-photon Raman transfer between the initial |F' =1, mp = 1)
state and the final |[F' = 1,mp = 0) state with angular momentum 3% per atom. Any
atoms which are not transferred are removed from the trap by a microwave transfer and
resonant imaging pulse, as described in Section 4.3.1, creating a pure single-component
persistent current. To amplify any difference between the single and two-component
supercurrent, we maximise the single-component superflow lifetime by reducing the in-
tensity of the LG trapping light to create the smoothest trap possible. Our final ring
trap has radius 12 pm, radial trapping frequency w, = 27 x (53 £ 5) Hz, and the trap
depth is about twice the BEC chemical potential, uo/h ~ 750 Hz. At this point the
azimuthal variations in the local chemical potential are less than 10% and the single
component superflow persists for up to two minutes, limited only by the eventual atom
loss.

The |F = 1,mpr = 1) and |F = 1,mp = 0) states also define the [1) and ||) states,
respectively, of the spin space for our two-component supercurrents. Since the mp =1
and 0 states are split in an external field of 10 G, the mprp = —1 state is detuned from
Raman and RF resonances by 14.4 kHz. We therefore observe negligible population of
the mp = —1 state during state transfers, and population of the mp = —1 state by

spin exchange collisions is prohibited by energy conservation. To first order, the large
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Figure 6.5: Detection of two-component supercurrent: (a) Time-of-flight absorption image of
the atoms, with spin states separated using a Stern-Gerlach gradient. The rotational state ¢
is deduced from the radius R characterising the central hole in the density distribution. The
longitudinal polarisation P, is measured directly from the image using the relative populations
of the two spin states. The image shown was taken after t = 4 s of rotation; P, = 0.44 and
g = 3 for both spin states. (b) Histogram of ~ 900 measurements of R at various P, and t.
Once again the background colours indicate the corresponding ¢ state for a given R, with ¢ = 3,
2, 1, and 0 indicated by the blue, green, red, and black regions respectively.

bias field has eliminated the presence of the mp = —1 state, reducing the parameter
space of our system of our F' = 1 spinor to a two-component mixture.

The protocol for preparing a two-component supercurrent is illustrated in figure
6.4 (a). After preparing a pure |¢ = 3,]) rotating state, we couple [1) and ||) by an
RF field which carries no orbital angular momentum and does not affect the motional
state of the atoms. As shown in figure 6.4 (b), by varying the length of the RF pulse
trr in the range 0 < tgpp < t,, one can prepare a state of arbitrary longitudinal spin
polarisation, P,. The prepared state is then in a superposition of the mr = 1 and
mp = 0 state, both rotating in the same direction with angular momentum 3A per

atom:

[U(¢)) = (sin(¢/2) [1) + cos(¢/2) [1))e ™. (6.35)

Here ¢ = Qpptrr, where Qpp is the RF Rabi frequency. In this state P, = cos(¢) and
the gas is still fully spin polarised with polarisation vector P = [sin(¢), 0, — cos(¢)] and
|Pl=P=1.

After preparing a co-rotating (¢ = 3) two-component supercurrent in a specific
spin state, we let it evolve in the ring trap for a time ¢ and then probe it by absorption
imaging after 29 ms time-of-flight expansion as explained in Section 4.4.2. We separate
the two spin components with a Stern-Gerlach gradient and directly detect the longi-
tudinal spin polarisation, P,, by measuring the populations of the two spin states. As

before, the rotational state, 0 < ¢ < 3, is seen in the size R of the central density hole
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Figure 6.6: Single versus two-component supercurrent stability: (a) In a pure |1) state with
P, = 1 supercurrent is observed to persist for over 2 minutes, with no phase slips occurring for
~ 90 s. (b) At P, = 0 the first phase slip occurs within 5 seconds and we observe no rotation
beyond 20 seconds. (c¢) Total atom number decay for P, = 1 in open red symbols, and P, =0
in solid blue symbols. Dashed lines are double-exponential fits.

in the atomic distribution, arising due to the centrifugal barrier. An example image is
shown in figure 6.5 (a). A histogram of fitted R values for the full range of P, values
and hold times in the range 0 < t < 20 s! is shown in figure 6.5 (b). The R values
are clearly quantised for all P,, allowing us to determine ¢ with near perfect fidelity.
For spin polarisations sufficiently close to zero, where we are able to assign a ¢ state
to both spin states, we always observe the two components to be in the same ¢ state.
This explicitly identifies that the superflow decay mechanism is once again a 27 phase
slip which affects both spin states simultaneously. Our observation do not however
preclude the possibility that the supercurrent may first only decay in one of the spin
components, after which the relative flow velocity between the two states causes a rapid

secondary phase slip in the faster component.
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6.2.1 Single versus two-component supercurrrent

In figure 6.6 we illustrate the dramatic difference between superflow stability ina P, = 1
single-component gas and a P, = 0 two-component system with equal populations in
each spin state. The two different P, states are created respectively, by a (140 us) =
and (70 ps) m/2 RF pulse at ¢ = 0. In the pure |1) state (figure 6.6 (a)) the current
persists for over two minutes, with the BEC always remaining in the ¢ = 3 state for
~ 90 s. In contrast at P, = 0 (figure 6.6 (b)) the first phase slip occurs within 5 seconds
and the current completely decays within 20 seconds.

As we demonstrated in Chapter 5, supercurrent stability generally depends on the
number of condensed atoms and at P, = 0 the atom number per spin state is halved.
However, from the NV decay curved in figure 6.6 (c) we see that this alone cannot explain
the difference in superflow stability. At P, = 1 rotation still persists for N ~ 10* while
at P, = 0 it stops already at N > 4 x 10*. Moreover, if we apply a m/2 pulse at t = 0
but then immediately remove all the |1) atoms from the trap using a combination of
microwave 7 pulse and resonant light pulse, we observe the pure ||) state with half the
initial atom number is once again stable, with supercurrent again persisting for over a
minute. This unambiguously confirms that in figure 6.6 (b) the superflow is inhibited by
the presence of both spin components. We therefore conclude that the two-component
superflow decay mechanism is facilitated by the internal degrees of freedom introduced

by the pseudo-spin, and is different from the single-component mechanism.

6.2.2 Stability phase diagram

We now turn to a quantitative study of the supercurrent stability as a function of the
spin-population imbalance (see figure 6.7). We tune P, by varying the length tgp of
the RF pulse applied at t = 0, and measure the ¢ state of the majority spin component,
[1), as a function of . Whenever the radius R is fittable for the minority component
we get the same ¢ state for both spin components in > 99% of cases. However, for
N, < 10* we cannot determine ¢ for the minority component.

Based on over 1600 measurements of ¢(P;,t), in figure 6.7 we reconstruct the com-
plete current stability phase diagram for 0 < P, < 1. The contour plot of (q(P;,t))
is obtained by spline interpolation through a 3D mesh of data points with integer ¢
values. The blue-shaded region corresponds to rotation times for which no phase slips
occur, whereas the black-shaded region corresponds to times at which all rotation has
decayed. We clearly distinguish two qualitatively different regimes. For large P, the
superflow is fundamentally stable and limited only by the atom number decay. In this
regime the additional internal degree of freedom is insufficient to facilitate decay be-

yond that present in the scalar BEC case. For low P, the current starts to decay within

1Over this time the decay in particle number is sufficiently small that the weak dependence of
R on N can be neglected. To account for this effect at longer hold times we establish quantisation
independently for a given t before assigning ¢ states.
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Figure 6.7: Supercurrent stability in a partially spin-polarised gas: The statistically averaged
supercurrent state, (¢), of the majority spin component is shown as a function of P, and
the evolution time ¢. The contour plot is based on over 1600 measurements of ¢(P,,t). The
transition between stable and unstable current regimes occurs at 0.6 < P, < 0.7. In the stable
regime the current eventually decays due to the atom number decay, equivalent to the eventual
decay of the scalar-condensate superflow studied in Chapter 5.

a few seconds. A sharp transition between the two regimes occurs at 0.6 < P, < 0.7.
Based on an additional ~ 500 measurements we find close to symmetric behaviour for
the P, < 0 portion of the diagram. One small difference is that no phase slips occur for
about 70 seconds for P, — —1, as apposed to 90 seconds for P, — 1. The transition
between the two stability regimes is observed to occur at approximately the same value
of |P,|. This slight asymmetry between the two spin states might be attributed to the
existence of the mp = —1 state, or the presence of small terms in (6.19) which depend

explicitly on S,, breaking the symmetry between the mpg = 1 and mpr = 0 states.

6.3 Spin dephasing

To fully understand these observations, we need to distinguish a coherent superposition
of [1) and ||) states from an incoherent mixture. The RF pulse at ¢ = 0 corresponds to
rotation around the y axis on the Bloch sphere and puts the BEC into a superposition
state, |¥(¢)), with a well defined phase relation between the two components. Impor-
tantly, this new state is still a pure BEC corresponding to the macroscopic occupation
of a single state. Due to the near perfect spin-symmetry of our two state basis aris-
ing from the almost equal inter and intra-state scattering lengths, this rotated state
should have almost identical properties to the original state. The significant difference
however, is that the superposition state is no longer an eigenstate of the system. We

therefore find that while the longitudinal polarisation of the state P, is a conserved
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Figure 6.8: Phase diffusion: (a) Ramsey-style experiment to study the decay of transverse
spin polarisation with time. Starting in the pure rotating (¢ = 3) |}) state, we apply an RF 7/2
pulse to rotate the state vector onto the purely transverse spin state, P = (1,0,0). Allowing
this state to evolve for a variable hold time, we then apply a second RF 7/2 pulse which maps
the decaying |}_5| into P,. The P, signal which we observe varies sinusoidally with the relative
RF phase dgr, and with an amplitude equal to the length of the global state vector, |]3 |. (b) By
measuring the variance of the P, values observed, we obtain a direct measure of the transverse
polarisation decay. The solid red line is a double-exponential fit which gives the decay function

f@).

quantity, the relative phase between the two components undergoes a complicated evo-
lution causing the transverse polarisation to decay. This decohered state can now no
longer be considered a single pure BEC, but corresponds to a mixture of two macro-
scopically occupied [1) and ||) states.

To study this decay of transverse polarisation, we perform a Ramsey-type exper-
iment, illustrated in figure 6.8 (a). Starting in the pure ||) state we apply two /2
RF pulses separated by time ¢ and then measure P,. The first pulse rotates the state
vector on the Bloch sphere about the y axis, creating a purely transverse spin state
P = (1,0,0) with a well-defined relative phase between the two components. The
relative phase between the the two states evolves at a rate proportional to the local

difference in chemical potentials between the two states wo1, which in general is a func-
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tion of both time and space. During the evolution time, couplings to the environment,
quantum fluctuations [148], and finite temperature effects [208] can induce additional
diffusive precession of the relative phase, leading to an uncertainty in its value. We
illustrate this uncertainty in the relative phase as a probability distribution function
of the state vector on the Bloch sphere which spreads with time and acts to shorten
the global state vector for the whole system. During the same time, the RF coupling
drive accumulates a phase wrpt. The second RF 7 /2 pulse with phase drp relative to
the first pulse then maps the transverse polarisation onto longitudinal polarisation P,,

which we measure by separating the two states in TOF with a Stern-Gerlach field.

t
(SRF(t) = / w21dt — wRFt. (6.36)
0
P, then varies sinusoidally as a function of dgp
P.(t) = V(t) cos(0rr(t)), (6.37)

where the coherence between the two state is quantified by the visibility of the Ramsey
fringes, V(t) = Py, where P| = /P2 — P2 is the transverse polarisation.

Due to the very long spin-coherence time we observe, shot-to-shot variations in the
relative phase drpp prevent us from measuring V directly by observing Ramsey fringes.
Instead we take 40 shots at a given hold time ¢ and infer V(¢) from the standard
deviation of the P, values we observe. Assuming sufficient fluctuations that we sample
drp uniformly in the range 0 to 27, the probability distribution of P, values is given

by
dP,

V11— (P,/V)?

The variance in P, is then directly related to the Ramsey visibility, and hence transverse

P(P. — P, +dP.) = (6.38)

polarisation, by

o?(P,) = (6.39)

P
2
Using this method, we measure the decay of P| as a function of hold time, as shown in
figure 6.8 (b). We see the phase coherence decays very slowly with a characteristic spin-
coherence time teo, ~ 10 s. This means that in the unstable regime in figure 6.7 phase
slips occur already at t < teon, when we cannot equate P and P,. By fitting a double

exponential to P?(t) we obtain a decay function f(t) which allows us to calculate the

total spin polarisation as a function of time

P(t) = /P2 + (1 — P2)f(t). (6.40)

Here we have assumed to first order that we can neglect the dependence of f(¢) on the
value of P,, simply using the characteristic decay function we measure at P, = 0 to

infer the decay of transverse polarisation at all P,.
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Figure 6.9: Adiabatic dressing of the spin state: (a) By sweeping the RF frequency from far
above resonance to zero detuning, the effective magnetic field rotates from the —z direction
to the y direction. Adiabatic following transforms the initial ||) with P, = —1 to the dressed
P, = 0 state |y), which is now an eigenstate of the effective Hamiltonian. Retaining the
RF coupling during the evolution time, the dressed state does not undergo phase diffusion and
remains a pure single component state. (b) This dressed state now exhibits long-lived persistent
currents, even though P, = 0. This confirms that the relevant quantity is the absolute spin
polarisation P, and not P,.

6.4 Coherently coupled two-component supercurrent

To further understand the role of transverse coherence in preserving supercurrent sta-
bility we also perform a complimentary experiment in which we adiabatically dress the
rotating BEC with the RF field. In the presence of the RF field of frequency wgrp,
the effective magnetic field is Bog = (2/i/p5)(0,Qr, —0), where pp is the Bohr mag-
neton and § = wrr — upB/(2h) is the detuning from resonance (derived in Section
3.2.2). For large detuning, B o —Z, and on resonance B o y. Starting in the
initial rotating ||) state, we apply an RF field far detuned (100 kHz) above resonance
with a Rabi frequency Qg =~ 25 kHz. At such a large detuning the RF dressed state
is effectively equivalent to the |]) state, hence we have loaded into the lowest band of
the dressed state. At ¢ = 0 we adiabatically sweep § to zero over 200 ms, rotating
the direction of the effective magnetic field from —Z to . The system remains in the
lowest dressed state, adiabatically following the effective field, thus preparing a P, =0
superposition state |y) = (|1)+i|}))/V2 (figure 6.9 (a)). At this point, |y) is equivalent
to the |¥(7w/2)) state prepare by an RF pulse, which does not show long-term current
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stability, decaying form the ¢ = 3 state within a few seconds. However, if we leave the
RF field on during the in-trap evolution, |y) is an eigenstate of the Hamiltonian and
the coherence between |1) and ||) does not decay'. In this case P, = 0 supercurrent is
stable and persists for more than a minute, as shown in figure 6.9 (b).

These experiments clearly show that for analysing current stability in a partially
polarised gas we must distinguish P, and |ﬁ| The long phase decoherence times we
measure suggest that the non-zero lifetime of supercurrents we observe at all P, arises
due to the non-zero time taken by the system to evolve from an initially pure single-
component BEC with |P| = 1, to an incoherent mixture with |P| < 1. Secondly, the
long lived supercurrrents observed in the P, = 0 RF-dressed state confirms that, due
to the spin-symmetry of our system, the value of P, alone has no bearing on the decay
of superflow. Instead, the supercurrent stability can be attributed to the RF coupling
modifying the Hamiltonian such that the P, = 0 state is now an eigenstate of the

system, and therefore in the absence of phase decoherence \]3 | remains equal to unity.

6.5 Spin symmetric phase diagram

With this understanding, we now quantitatively characterise the onset of the supercur-
rent decay in figure 6.7 by the time 7 at which the probability that the first phase slip
(¢ = 3 — 2) has occurred is 50%; this closely corresponds to the border between the
blue and white-shaded regions. This is done by binning the data in P, and plotting the
occurrence of ¢ = 3 states as a function of evolution time. To quantify the transition
between times when ¢ = 3 superflow is likely, to later times when ¢ = 3 superflow has

decayed, we fit this data to a sigmoid function

Plg=3) = % (6.41)
l1+e~

where 7 characterises the typical decay time, and o the width of the transition in time.
The resultant 7 are plotted as a function of P, in figure 6.10 (a). The horizontal errors
are given by the standard deviation of P, for a given bin, and the vertical errors are
given by the fitted uncertainty in 7. We see that 7 rapidly increases for P, 2> 0.64,
saturating at 100 seconds due to N decay. However, our observations of phase diffusion
and long-lived RF-dressed supercurrent suggested that the absolute spin polarisation
is the significant quantity, and not P,. We therefore now combine our measurements
of 7, defining the characteristic onset of decay, with the transverse polarisation decay
function f(¢) (figure 6.8 (b)), to calculate the characteristic total spin polarisation at

the onset of supercurrent decay:

P(1) = /P2 + (1 — P2)f(7). (6.42)

We checked for ¢ up to 100 seconds that we can always convert |y) into pure ||) by sweeping § far
from resonance.

167



6.5 Spin symmetric phase diagram

(@) 120+
| e
80

40 +

0.0 o 0.5 o 1.0
P V)

Figure 6.10: Critical spin polarisation P,.: (a) Characteristic time of the first phase slip, 7,
versus P,. Vertical blue line marks P,, accurately determined in (b). (b) Modulus of the spin-
polarisation vector at the onset of the supercurrent decay, P(7), versus P,. Fit to the points
with P(7) > P, (horizontal solid blue line) gives P. = 0.64(1). (c) Stability diagram on the
Bloch sphere. The blue-shaded region in figure 6.7 maps into the outer shell |]3| > P, = 0.64.
(A cut through the sphere is drawn for clarity.)

P(7) is plotted as a function of P, in figure 6.10 (b). We can now clearly distinguish
two distinct regimes: one where P(7) is constant within errors and one where P(7) =
P,. We thus complete our physical picture and accurately determine the critical spin

polarisation P.. The two regimes thus correspond to:

1. If P, > P, then \13 | can never drop below P.. The supercurrent is fundamentally
stable and long-lived, 7 > t.,, and therefore P(7) = P,.

2. If P, < P., supercurrent decay starts at 7 < t.on, when the decaying P becomes

equal to P..

From all the data in the second regime we obtain P, = 0.64(1). For 0 < P, < P, the
value of 7 varies from 4 to 15 seconds and the orientation of P(r) = (/P2 - P2,0,P,)
in spin space varies from purely transverse to purely longitudinal, but the onset of the
supercurrent decay always occurs at the same |13| We thus conclude that the region
of supercurrent stability is in fact the outer shell of the Bloch sphere where \]3\ > P,
as shown in figure 6.10 (c).
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Figure 6.11: Two component barrier model: (a) Schematic of one component creating a
density barrier which constricts the flow of the second component. The total density at all
points around the ring is constant, however the density of the majority component (indicated
in red) and that of the minority component (indicated in blue) can vary azimuthally. Here
we consider the worst-case scenario where one component forms a density peak of minimum
width W(&,). (b) Calculated flow velocity of the majority component as a function of P for
the ¢ = 3,2, and 1 states at the peak density of the minority component for W = 6.5 um.

The spin-rotational symmetry of our stability criteria arises intuitively from the near
equivalence of the inter and intra-component scattering lengths. As we saw in equation
(6.19), the small difference leads to symmetry breaking terms dependant on the value
of S,, however these terms are ~ 0.2% of the spin-independent term. We do observe
a very slight asymmetry between the stability of P, > 0 and P, < 0 supercurrents,
however we cannot reliably attribute this difference to the small spin-dependence of
the system. We also note from our data the existence of critical polarisations for the
g = 2 and g = 1 states at P.(¢ = 2) ~ 0.60 and P.(¢g = 1) ~ 0.55. Due to the fact
that we focused most of our data on studying the ¢ = 3 — 2 transition, the errors on
these values are much larger. We also note once again that these states are themselves
formed from decay of the initial ¢ = 3 state, and therefore are constrained to posses

lower values of P..

6.6 Two-state barrier model

We now present a simple model which provides a possible explanation for the critical
spin polarisation which we observe. Starting from a stable single-component superflow,
we consider the addition of a minority component. If the density of this minority
component is uniform around the ring, this has no effect on the flow velocity of either
component. Here we consider the worst-case scenario, where the density of the minority
component is strongly localised at one point in the ring, effectively acting as a barrier to

the flow of the majority component. The minimum width of the the minority component
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6.6 Two-state barrier model

density profile, W (&), is dependent on the spin healing length, £;. Since & gives the
length scale over which the value of the spin changes between its extremal values,
one would expect the minimum minority component width to be in the range &5 <
W (&) < 2¢5. For our system and starting atom number the spin healing length is
&s =~ 4 pm, and then increases as the atom number decays. With the constraint that
the total density is uniform around the ring, the presence of the minority component
creates a local reduction in the majority component density, and by the requirement
of particle flux conservation, this leads to an increased flow velocity of the majority
component, as shown in figure 6.11 (a). Our simple model is then to fix the width of
the minority component density bump at W (), and calculate how the majority flow
velocity increases as we reduce the population imbalance.

For the purposes of providing a qualitative explanation, we assume a Gaussian

density distribution of the minority component of the form

M o (6.43)
= X .
ni /727TW2 €xXp 2W2 )

where N is the atom number in component 1, x is the azimuthal direction, and we

have integrated out the vertical and radial directions, only considering variations in
spin polarisation in the azimuthal direction. By restraining the total density to be

uniform, the majority component density is simply given by
ng = Ntot — MN1. (6.44)

We now apply the same criteria to calculate the flow velocity as we did in Section 5.4,

namely conservation of particle flux
nove = constant = C, (6.45)

and quantised circulation
h
%Vz.dl = 2mq—. (6.46)
m

The flow velocity is then given by

(6.47)

where the constant is given by

h N L/2 N L 1 —22\17"
= 2mg Lt de |1— L2 = exp (2 4
C U bl //_L/2 T [ N W Jon exp <2W2>] (6.48)

We therefore see that the flow velocity is independent of the total atom number N, and
only depends on the ratio N1 /N and W/L. In figure 6.11 (b), we plot the calculated flow

velocity of the majority component for W = 6.5 pum, for the rotation states ¢ = 3,2,
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and 1. This value of W is chosen to best match the critical spin polarisation which
we observe, and is consistent with our anticipated range of allowed W values. We
see that as the spin polarisation decreases from 1, the size of the barrier we can form
with the minority component increases, and hence the peak flow velocity increases. At
around P = 0.6, the density in the minority component is sufficient to fragment the
majority component and all flow stops. Comparing this to typical values of the local
sound velocity ¢ ~ lmm/s, we see that such a healing length gives the correct value of
P.(q = 3), and predicts the relatively close values of P, for the ¢ = 2 and ¢ = 1 states.

Although quite a crude calculation, it does illustrate that the formation of out
of phase density fluctuations can lead to a non-trivial critical spin polarisation. The
fundamental questions left by this model are two fold. Firstly, we ask what drives
the formation of such spin structures? In spite of our two components being miscible
and eliminating any systematic differences in the potentials of the two-states, as shown
in Section 6.1.5, we do still observe the formation of spin structures. Modeling such
spin diffusion could also explain whether both components always decay together, or
whether above a certain population imbalance the minority component fragments and
stops rotating, while the majority persists. The second question is then what sets
the critical velocity? While one would assume the local sound velocity sets an upper
bound on v, it may be possible that the coexistence of two components also facilitates
a different, lower critical velocity. This may be especially true since the local flow
velocity increase experienced by one component will correspond to a local flow velocity
decrease in the other component, and hence a large relative velocity between the two
components. As shown in [209-211], sufficiently high counterflow velocity between
two components can lead to excitations with imaginary frequencies and the onset of

dynamic instability.

6.7 Conclusion

In summary, we have observed persistent currents in multiply connected spinor con-
densates, demonstrated the existence of a critical spin polarisation for stable super-
flow, and elucidated the role of spin coherence in supercurrent stability. Empirically we
have shown that the supercurrents in both spin states are constrained to decay quasi-
simultaneously, and by establishing two-component superflow quantisation, we confirm
the decay mechanism is still 27 phase slips, as observed in the single condensate case.
By studying the stability of supercurrents as a function of the total spin polarisation P,
we have identified and accurately measured the transition between two distinct regimes
with different decay mechanisms. For P > P, the superflow is fundamentally stable
and decays in a manner identical to that of a pure single-component supercurrent. For
P < P, the internal spin degree of freedom facilitates an additional decay mechanism

which causes the supercurrent to be fundamentally unstable.
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The existence of a critical population imbalance for superflow stability was pre-
dicted in [185-187], assuming equal intra and inter-component interactions and no
inter-component coherence. The supercurrent instability was associated with out-of-
phase density fluctuations in the two components. However, an agreement on the value
of P. has not been reached. In references [185, 186] it was predicted that any ¢ > 1
flow is unstable for essentially any P < 1, but according to [187] such current was
found to be stable above some nontrivial interaction-dependent P.. The latter conclu-
sion qualitatively agrees with our observations, however none of the existing theories
is quantitatively applicable to our experiments, since they are limited to the simplified
cases of reduced dimensionality and very weak interactions.

The simple two-state barrier model we have presented provides at least a qualita-
tive description of how a non-trivial critical spin polarisation of the form observed can
arise. This model also highlights the need for further theoretical work to understand
the dynamics of phase decoherence and spin fluctuations in our system. In general
however, we cannot yet establish how the spin degree of freedom and the supercur-
rent decay mechanism are microscopically related. In one picture the spin degrees of
freedom evolve independent of the rotation, and once sufficient spin fluctuations have
formed the supercurrent decays in a manner similar to that explained by the two-state
barrier model. A second, more exciting, alternative exists, where the supercurrent de-
cay mechanism intrinsically uses the additional spin degree of freedom to unwind the
scalar phase associated with superflow. Such decay mechanisms could relate to dark-
bright solitons or magnons on a 1D Heisenberg chain. For these mechanisms, the global
value of the spin polarisation could permit sufficient freedom in the local spin vector
for accumulation of a Berry phase resulting in a phase slip.

Much of the interesting behaviour of our system then seems to arise from the near
equality of the scattering lengths involved. Within the single-mode-approximation, the
phase decoherence of a two-component system results from a spread in the distribution
of populations in the initial state which are converted into phase fluctuations by the
nonlinear interactions during the evolution. Therefore the rate of decoherence should
be proportional to the difference in scattering lengths as = (a11 + ago — 2a10)/v2 [212].
Similarly the spin healing length also depends on the difference in scattering lengths,
and as a result our mixture exhibits long coherence times and large scale spin structures.
These two features respectively explain the lifetime of persistent currents of several sec-
onds for all values of P,, and also, at least in the two-state barrier model, the significant
deviation of P, from 1. An important next step would then be to study supercurrents in
a two-species system with significantly different intra and inter-component interactions

to confirm these conclusions.
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Chapter 7

Towards an azimuthal gauge potential

Ultracold atoms offer an appealing system for the study of many-body correlated states
relevant to condensed matter physics. One of the primary challenges however, is to
engineer a Hamiltonian for which neutral atoms behave as charged particles in a strong
magnetic field. Such a technique is required to realise exotic topological phases, such
as the fractional quantum hall effect (FQHE) in two-dimensional systems, which only
exists at high magnetic fields where the ratio of flux quanta to particles is of order
unity. The standard way to produce an artificial magnetic field is to rotate an atomic
cloud which produces a non-trivial vector potential in the rotating frame of reference
[29]. Such an approach however is limited to only modest fields, and as a result there
have been a wealth of proposals to create effective magnetic fields without rotation.
These can broadly be divided into two categories: asymmetric tunneling in optical
lattices [213-215], and geometric gauge potentials. We will be focusing on the second
approach, whereby atoms with two or more ground states are optically dressed, and
the position dependence of the dressed internal states leads to geometric vector and
scalar potentials [216].

The field of geometric gauge potentials has been driven forward primarily by the
experiments of Spielman et al [66, 217-220]. By dressing the F' = 1 magnetic sublevels
of a BEC with two counterpropagating Raman laser beams they were able to couple the
internal spin states with linear momentum differing by twice the photon momentum.
This gives rise to a spatial gradient of the phase difference between spin components
of the dressed state, achieving the first light-induced vector gauge potential [66]. By
subsequently varying this gauge potential both spatially, and temporally, they were
able to synthesise both artificial magnetic [218] and electric [219] fields respectively.
By engineering a dressed band with two minima, they have also managed to realise an
ultracold atom analogue of spin-orbit coupling [220].

In this chapter we discuss our progress in realising an azimuthal gauge potential,
where the internal spin components of the dressed state are coupled to the angular
momentum. We start by reviewing the theory behind linear gauge potentials, and
then show how our setup is a simple mapping from linear to azimuthal motion. Our

azimuthal gauge setup exhibits additional exciting possibilities which arise due to the
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7.1 Linear gauge potentials
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Figure 7.1: Linear gauge potential: (a) The BEC is dressed by two counterpropagating Raman
beams with frequencies w and w + Aw, linearly polarised along orthogonal axes. The Raman
beams couple the mp magnetic sublevels of the F' = 1 manifold, which is split in an external
magnetic field B. (b) Population of the three mp spin states in the lowest dressed band as a
function of Raman detuning, 4, for AQ = 5E, and k,=kmin. (c¢) Position of the band minimum
kmin in momentum space as a function of Raman detuning for A2 = 5F,.. The insets show the
energy of the dressed bands (blue) as a function of k, for the cases of positive and negative
detuning. The dashed black lines indicate the original bare states. The red dot indicates
the minimum of the lowest dressed state, which due to the confining potential, the BEC will
adiabatically follow.

translational symmetry afforded to us by our ring geometry. To illustrate this, we then
describe a proposed superfluid fraction measurement, where the spin-orbit coupling
allows us to relate the rotational state of the system to the spin populations. The
final section presents the experimental progress made so far, as well as the technical

challenges which remain.

7.1 Linear gauge potentials

In this section we briefly explain the linear gauge setup realised by Spielman et al. and
detailed in [66, 217]. We start by dressing a BEC in the F' = 1 ground state with two
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7.1 Linear gauge potentials

Raman beams of frequency difference Aw, counterpropagating along z, as shown in
figure 7.1 (a). These beams couple states |mp, k;) differing in their internal state by
Amp = +1 and differing in linear momentum Ak, by 2hk,, where hk, = h/\ is the
single-photon recoil momentum. We also define E, = h?k2/2m as the associated recoil
energy. The spin and momentum states |mp,k,) coupled by the Raman beams are

grouped into families of states labeled by the momentum hk,:
W(ky) = {1, ks + 2kr) , [0, k) s [+1, ky — 2K;) ). (7.1)

In the rotating wave approximation for the frame rotating at Aw, the Hamiltonian

expressed in the state basis of the family W(k,) is given by

o (kg + 2k, )2 — 8 /2 0
H=h Q/2 o (ky)? — € Q/2 . (7.2)
0 /2 (kg — 2k, )2 46

Here 6 = grpupBh is the detuning from Raman resonance, €2 is the resonant Raman
Rabi frequency, and € accounts for the quadratic Zeeman shift. For each k,, diago-
nalising H gives three eigenvalues F;(k;)(j = 1,2,3). For dressed atoms in state j,
this eigenenergy as a function of k; is the effective dispersion relation, and depends
on the experimental parameters, J, £, and €, as shown in the insets of figure 7.1 (c).
Concentrating on the lowest energy dressed band, the number of energy minima and
their positions ki, are thus experimentally tuneable. Around the band minimum iy,

the dispersion relation can be expanded as

m (kaf - kmin)27 (73)

where m* is the effective mass. Considering the Hamiltonian for a particle of charge ¢

in a magnetic vector potential A

H = (p ;gLA)z’ (74)

we can then identify ki, with the light-induced vector gauge potential

gA = hkmind. (7.5)

In figure 7.1 (c) we calculate the value of ki, and therefore the effective magnetic
vector potential gA /h, for the lowest dressed band as a function of the Raman detuning

0.
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7.2 Azimuthal gauge potential

The mechanical momentum is defined as

oOH

Pmech = mz = map (76)
m OH
= h ok, (1)

where pcan is the canonical momentum. We therefore identify the mechanical motion
of the dressed state as the gradient of the energy band with respect to k,. In [66] the
condensate was adiabatically loaded into the minimum of the lowest dressed band for
zero Raman detuning, 6 = 0, corresponding to the band minimum at kp;, = 0. From
the populations of the mp states plotted in figure 7.1 (b) as a function of J§, we see
this dressed state corresponds to a superposition of all three mp states. From equation
(7.7), for such a state at the band minimum, the mechanical momentum is zero and
the dressed atoms are stationary in the lab frame. The momenta of the individual spin
components however are nonzero. To see this, one can project the dressed state onto
its original spin and momentum components (shown by the dashed black lines in figure
7.1 (¢)) by abruptly removing the Raman coupling. One then decomposes the dressed
state into the mp = 1, mp = 0, and mpr = —1 states with mechanical momenta —2hk,.,
0, and 2hk, respectively.

If one first adiabatically sweeps the Raman detuning to hd = —2F, (Inset of figure
7.1 (c)), the minimum of the energy band is shifted to a non-zero kpyin, corresponding to
application of a vector gauge potential in the & direction. Due to the trapping potential
the dressed state of the atoms are confined to follow the minimum of the band, and
hence the mechanical momentum of the dresses state is restricted to be zero in the lab
frame. From figure 7.1 (b), we see that the spin composition of the dressed state has
changed to predominantly the mp = 1 state. The presence of a non-zero ki, is then
confirmed by projecting into the bare states, where one then observes the appropriate
decomposition of the mp = 1, mp = 0, and mp = —1 states, but now with respective
mechanical momenta —2hk, + hknin, 0 + Akmin, and 22k, + Akmin.

These experiments showed that one can utilise light fields to create vector gauge
potentials for neutral atoms, which can be easily manipulated by varying the detuning of
the Raman coupling. This basic setup was then extended by the addition of a magnetic
field gradient to create a spatially varying A(r), and therefore an effective magnetic
field B = V x A(r) [218]. Varying the value of the detuning and therefore A(¢) in time
they also created an ultracold atom analogue of an electric field E = —0A(t)/0t [219].

7.2 Azimuthal gauge potential

In this section we detail our experimental setup, which though similar in spirit, instead
couples the internal spin state to angular, rather than linear, momentum. We start

by considering a BEC held in a ring trap formed by a red-detuned LG beam, which
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Figure 7.2: Azimuthal gauge potential: (a) The ring BEC is dressed by two copropagating
Raman beams with frequencies w and w + Aw, linearly polarised along orthogonal axes. The
Raman beams couple the mpr magnetic sublevels of the F' = 1 manifold, which is split in an
external magnetic field B. One of the Raman beams is a broad Gaussian beam, while the
second is an LG beam of phase winding Af. (b) Population of the three mp spin states in
the lowest dressed band as a function of Raman detuning, §, for A = 5E. and (=£*. (c)
Position of the band minimum ¢* in angular momentum space as a function of Raman detuning
for h§) = 5F,;. The insets show the energy of the dressed bands (blue) as a function of ¢ for
the cases of positive and negative detuning. The dashed black lines indicate the original bare
states. The red dot indicates the minimum of the lowest dressed state.

also acts as one of the Raman beams. To generate an azimuthal vector potential, we
Raman-couple the mp magnetic states of the F' = 1 ground state using the LG beam
and secondary Gaussian beam, co-propagating in the vertical direction Z, perpendicular
to the toroidal trap. In this sense, our setup is identical to the one we introduced in
Chapter 4 to create persistent currents. The only distinction is that now rather than
using the Raman transition to Rabi flop to a state with different angular momentum,
we will continuously couple the magnetic states to create new dressed states. Our
experimental setup is illustrated in figure 7.2 (a).

Our Raman transition couples states |mpg,¢) differing in their internal state by

Amp = %1 and differing in angular momentum A¢ by hA¢, where AA/L is the angular
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7.2 Azimuthal gauge potential

momentum carried by the LG beam. The relevant energy is now the rotational energy
Erot = h?(A0)?/2mR?, where R is the radius of the ring trap. The family of coupled

states is now given by:
V() ={|-1,£+ AL),]0,0) ,|+1,£ — AL)}. (7.8)

In the rotating wave approximation for the frame rotating at Aw, the Hamiltonian

expressed in the state basis of the family W(¢) is given by

g (L + A2 =6 Q/2 0
H=h /2 g (0)% — € Q/2 . (7.9)
0 Q/2 o e (AAVARE)

This Hamiltonian is identical to that for the linear momentum case in (7.2) with the
following mapping

h? h?

Once again we diagonalise H to obtain the dressed state energy bands, which we

expand about the minimum as

h2
E(l) = ——— (€ — %), 7.11
This is equivalent to the Hamiltonian
(Po — qAy)?
H="_"7 7.12
2m ’ ( )

where we have identified the azimuthal momentum and azimuthal vector potential as

e~ ho* o
—0; Ay = 0. 7.13
7Y Ao = (7.13)

Po =

As shown in figure 7.2 (c), the position of the band minimum can be varied in the
range —A¢ — A/ by changing the Raman detuning ¢, which also changes the spin
composition of the dressed state as shown in figure 7.2 (b).

We note that unlike for the linear gauge case, the fact that our vector potential is
in the azimuthal direction means it automatically corresponds to a non-zero magnetic
flux threading the ring. If we shift the band minimum to ¢* # 0, we create an azimuthal
vector potential, equal in magnitude at all points on the ring. Using Stoke’s theorem

we see this corresponds to a flux, ®, threading the ring

Q_//B-ds_]éA-dl_%M. (7.14)
q
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The form of the effective magnetic field is then given by

1 0RAy .

B=VxA= =502 (7.15)

1 0 [he*\ .

This is in general a nontrivial function, since ¢* depends on ) which varies with the

intensity of the Raman beams. To first order though 9¢*/OR = 0 at the atoms since
the maximum €2 also defines the trap minimum, and hence the magnetic field can
be considered zero at the atoms. The angular momentum acquired by the dressed
state, hf*, can therefore be viewed as an Aharanov-Bohm type effect. Alternately one
can also explain it as a cold atom analogue of Faraday induction, where the angular
momentum acquired as we vary the effective magnetic field is equivalent to generating
an electrical current in a coil as the magnetic flux enclosed is varied in time. We
now further explain the properties of this system by describing a proposed experiment
to measure the superfluid fraction of an atomic gas which makes explicit use of the

azimuthal nature of our created vector gauge potential.

7.2.1 Superfluid fraction measurement

As discussed in Section 2.4.2, while the concepts of superfluidity and BEC are intrinsi-
cally linked, the superfluid fraction and condensed fraction of a gas or fluid in general
take very different values. While the condensed fraction can be measured by mapping
the momentum distribution to real space in time-of-flight expansion, a quantitative
measure of the superfluid fraction is harder to achieve. Such a measurement however
is important for investigating the properties of interacting Bose gases. Specific cases
of interest include strong interactions which can lead to condensate depletion without
loss of superfluid fraction, and the Kosterlitz-Thouless phase transition in a quasi-2D
geometry which manifests itself in a universal jump in the superfluid density [221, 222].
Recently the first measure of superfluid fraction in a quantum gas was realised in a de-
generate Fermi system by measuring the speed of second sound [223]. Here we present
an alternate approach using our azimuthal gauge potential, which was first proposed
in [104].

The basic principle of the experiment is shown in figure 7.3. Starting for example
in the pure mr = —1 state, one can load into the lowest dressed band by adiabatically
turning on the second Gaussian Raman beam with the detuning § < 0. As shown
in the left panel of figure 7.3 (a), this loads both normal and superfluid components
into the band minimum at ¢* = 0. Since the gradient of the dispersion relation is zero
at the minimum, ppecn = 0, both components are at rest in the lab frame. By then
sweeping the Raman detuning towards zero, we shift the band minimum and impose
our azimuthal vector potential (right panel figure 7.3 (a)). Due to interactions with the

trapping potential, the normal component is constrained to follow the band minimum
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Figure 7.3: Superfluid fraction measurement: (a) Starting with the Raman coupling far
detuned, [0] > Q, we adiabatically load the pure mp = —1 state into the minimum of the
lowest dressed band by ramping on the Gaussian beam. Both normal component (green circle)
and superfluid component (red star) are then at the band minimum ¢ = ¢£* = 0. By sweeping
the detuning towards resonance, the band minimum shifts and the spin composition changes.
The normal component interacts with the walls of the trap and relaxes, following the band
minimum such that ppecn = 0 and £ = £*. The superfluid component cannot relax and remains
at the original £ = 0, and therefore starts to rotate in the lab frame. (b) As well as a difference
in mechanical momentum between the two components, the spin composition of the dressed
state at ¢ = ¢* differs slightly from that at ¢ = 0, which allows one to perform a spectroscopic
superfluid fraction measurement. Plotted is this difference as a function of the final detuning.

where it is stationary with respect to the lab frame. In contrast the superfluid compo-
nent is unable to relax and follow the band minimum, remaining at the original angular
momentum ¢ = 0. The gradient of the dispersion relation at this point increases as the
detuning is changed, causing the superfluid component to rotate in the lab frame with
Pmech 7 0. This distinction provides the definition of the superfluid fraction [13]. This
behaviour in a toroidal trap with an azimuthal vector potential is in marked contrast to
the case of a linear vector potential, where, due to the lack of translational invariance
along the direction of the vector potential, both components must relax and follow the
band minimum.

A key element of this proposal is that one can measure this distinction between
normal and superfluid behaviour using spectroscopic methods. The wavefunction of

the lowest band is a linear superposition of the three magnetic levels, with amplitudes
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7.3 Experimental progress

which vary with £. For a given detuning, the spin composition of a normal state at
the band minimum ¢ = £*, differs slightly from the spin composition of a superfluid
state which remains at £ = 0. One can quantify this by the difference in the number of
particles in the mp = £1 states

N -

Ap(¢) N

(7.17)

In figure 7.3 (b) we plot the difference in Ap between the normal component (¢ = ¢*)
and the superfluid component (¢ = 0). Initially the population imbalance is identical
for both the purely normal and purely superfluid states, however for final detunings
close to zero, the distinction between Ap peaks at a few percent, before tending to-
wards zero again at dgna > 0. This difference in population imbalances forms the
basis of the proposed measurement. Sweeping the detuning to dgna = 0.2(2 where the
signal peaks, if our gas was purely normal we would measure a population imbalance
Ap(¢*). Alternately if our gas was purely superfluid we would measure a different pop-
ulation imbalance Ap(0), differing from Ap(¢*) by a few percent. If our gas had both

components, one could therefore calculation the superfluid fraction as

ps _ Ap(£*) —Ap
p Ap(£*) — Ap(0)’ (7.18)

where Ap is the measured imbalance, while Ap(0) and Ap(¢*) are calculated using the
known values of €2, dgnal, and e.

This proposed experiment illustrates how one can make use of an azimuthal vector
potential to directly link superfluid motion and spin composition. While in principle
we have the experimental setup required to perform this experiment, a key step is to
prove that the Raman coupling is coherent and that the atoms remain in the lowest
dressed state only. Incoherent processes can lead to population of higher bands which
will alter the measured spin composition, destroying the few percent signal we need to
observe. In the next section we detail the progress we have made so far in implementing

such an azimuthal vector potential, and also some of the technical issues which remain.

7.3 Experimental progress

The current status of our experimental progress is illustrated by figure 7.4. By coupling
the F' = 1 manifold with our £ = 3 LG and Gaussian Raman setup, we have managed to
engineer the azimuthal vector potential proposed above. Through varying the detuning
of the Raman coupling we can demonstrate the changing mechanical rotation and spin
composition of the superfluid state as the band minimum is shifted. We can also force
the superfluid state to relax to the band minimum by ramping up a repulsive green
laser beam overlapped with the toroidal trap to create a barrier to the superflow. Us-

ing these tools we now demonstrate six distinct dressed states. The appropriate band
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(i (ii) (iii)

Kill
rotation

Figure 7.4: Far-detuned azimuthal vector potential: (a) Relevant dressed state dispersion
relations F(¢). The angular momentum ¢ is indicated for the superfluid component by the red
star, and for the normal component by the green circle. As we work with a pure condensate
we only ever observe behaviour consistent with a pure superfluid. (b) Absorption images of
the dressed state projected onto the original basis states at 29 ms TOF in the presence of a
Stern-Gerlach field which splits the different m g states along the vertical direction. The ¢ state
of each image is measured kinematically by fitting the size of the central density hole formed
in TOF. The protocol to prepare each measurement (i)—(vi) is explained in the text.

structure for these states is shown in figure 7.4 (a), and the projection of the dressed
state onto the original basis |mp,¢) is shown in figure 7.4 (b).

In this experiment we prepare the dressed state in an external field of 10 G, where
the second order Zeeman shift ¢ ~7 kHz, and use a modest Rabi frequency of only
Q) =~ 500 Hz. As a result our Raman beams do not simultaneously couple all three
mp states, and therefore for a window of detuning near zero, the spin composition of
the dressed state is purely mprp = 0. The reasoning behind limiting ourselves to this
simplified case will be explained in the following section.

We now describe the six experimental sequences, relating to the appropriately la-

beled band diagrams and absorption images in figure 7.4. In all cases the dressed state
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is projected into the |mpg,¥) basis just before TOF by abruptly jumping the Raman

detuning far from resonance. The spin composition of the dressed state is measured by

separating the mp states during TOF by application of a Stern-Gerlach gradient. The

angular momentum ¢ of the dressed state is measured by fitting the size of the density

hole formed in TOF, as explained in Section 4.4.2.

(1)

(iii)

(iv)

(vi)

Starting in the pure mp = 1 state, the Raman coupling is ramped up with J far
above resonance: This loads the condensate into the lowest dressed band with spin
composition ¥({ = —3) = {|mp=1,0+3),|mp=0,0),mp=—-1,{—-3)} =
{1,0,0} and band minimum ¢* = —3. This is confirmed by observing only the
non-rotating |mpr = 1,4 = 0) state in TOF.

Sweeping the detuning to below the mp = 1 — mp = 0 resonance: This shifts the
band minimum to £* — 3, however our superfluid remains at £ = —3 and therefore
we prepare the dressed state with spin composition ¥(¢ = —3) = {0,1,0}. This
is confirmed by observing only the |mp = 0,¢ = —3) state in TOF.

Sweeping the detuning far below both the mp =1 — mp = 0 and mp = 0 —
mp = —1 resonances: Our superfluid remains at £ = —3 and we prepare the
dressed state with spin composition ¥(¢ = —3) = {0,0,1}. This is confirmed by
observing only the |mp = —1,¢ = —6) state in TOF.

Preparing state (iii), we then kill rotation by ramping up and down the repulsive
barrier beam over 500 ms: The superfluid velocity exceeds critical velocity at the
barrier and relaxes to the band minimum at ¢* = 3. The relaxed dressed state
then has spin composition ¥(¢ = 3) = {0,0,1}. This is confirmed by observing
only the non-rotating |mp = —1,¢ = 0) state in TOF.

Preparing state (iv), we then then sweep the detuning above the mp = 0 —
mp = —1 resonance: This shifts the band minimum back to £* — —3, but our
superfluid which has relaxed to ¢ = 3 by application of the barrier, does not follow.
We therefore prepare the dressed state with spin composition ¥(¢ = 3) = {0, 1, 0}.
This is confirmed by observing only the |mp = 0, = 3) state in TOF.

Preparing state (iv), we then sweep the detuning far above both the mp =0 —
mp = —1 and mp = 1 — mp = 0 resonances: Our superfluid remains at £ = 3
and we prepare the dressed state with spin composition ¥(¢ = 3) = {1,0,0}.
This is confirmed by observing only the |mp = 1,¢ = 6) state in TOF.

In principle then, we have demonstrated a tuneable light-induced azimuthal vector

potential. The next important step would then be to prepare a dressed state with non-

trivial occupation of more than one mp state. Unfortunately our research so far has

highlighted several technical difficulties which prevent us from further manipulating

and quantifying dressed states composed of multiple spin states.
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7.3.1 Technical challenges

In the hope of guiding future work on this project, we now outline some of the technical

problems observed in our setup which remain unsolved:

1.

Dressed states prepared near resonance, which therefore are composed of more
than one spin state, are observed to decohere on timescales of =100 ms. This is
confirmed by preparing and holding such a state, and then sweeping the Raman
detuning far below resonance. We observe occupation of more than one mg state,
corresponding to population of higher dressed states. The rotational state of the

mp = —1 component is also found to decrease the longer we hold near resonance.

. To detect the rotational state we need to accurately measure the size of the

density hole formed in TOF due to the presence of a centrifugal barrier. This
technique requires us to first ramp down the ring trap over ~ 100 ms before
release, for the hole to expand sufficiently over the 29 ms TOF (See Section 4.4.2).
We find that for spin mixtures prepared by projecting the Raman dressed state,
complex dynamics occur over this timescale which prevent us from measuring the
rotational state of each spin component upon projection. The reason why this is
in such stark contrast to the mixtures prepared by RF coupling in Chapter 6 is

not clear.

. To deterministically kill rotation and force the dressed state to relax, the repulsive

potential barrier must be raised and lowered very slowly so as not to induce an
unknown quantity of circulation through mechanical stirring. While we have been
able to readily achieve this in the limit of large detuning, due to the decohering
processes we find near resonance, the time to do so is not available for dressed

states with non-trivial spin composition.

. Finally, we also note that our Raman beams exert a significant dipole potential

on the atoms, and therefore the high intensities required to generate large Rabi
frequencies will alter the ring potential. Due to the requirement that our ring po-
tential remains sufficiently smooth, circularly symmetric, and multiply-connected
for superflow to persist, the maximum Rabi frequency we can achieve is limited.
This problem can be solved by changing the Raman wavelength to nearer 790 nm

where the dipole potential is smaller, but at the cost of increased light scattering.

7.4 Conclusion

In conclusion, by Raman coupling different mp states with different angular momenta,

we have managed to generate an azimuthal vector potential. Through varying the

detuning of the Raman beams we have demonstrated control of this vector potential,

and therefore the magnetic flux which threads the ring. Due to the toroidal geometry
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7.4 Conclusion

of our system, we have shown that in contrast to the case of a linear vector potential,
we can prepare both dressed states which conserve angular momentum by rotating
in the lab frame, and those which relax to the minimum of the dispersion relation
and are stationary. Technical challenges still need to be addressed however, including
maintaining coherence near resonance, deterministically forcing the dressed state to

relax, and measuring the rotation of multi-component states.
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Chapter 8

Summary and outlook

It is my hope that the work in this thesis has both demonstrated, and in some part
furthered our understanding of, the intricate physics at play in persistent currents. In
many regards the study of metastable superfluid flows and their decay feels quite tradi-
tional, building on a century of experimental and theoretical research. As we discovered
while researching the mechanisms at play in our toroidal condensate superfluid, many
of the questions which we have tried to address in this work have been posed decades
before in the context of either superfluid helium or superconducting nanowire experi-
ments. The hope then is that while the physics may be universal and long-standing,
the realisation of persistent currents in dilute atomic condensates, presented both in
this work and that of NIST, will offer a unique alternate route to further probe these
phenomena.

The key achievements of our work can be summarised as follows:

e We have created a long-lived multiply-charged persistent current in a toroidal-
shaped BEC. By using an SLM to generate our LG beam, we are able to im-
print a well-defined and variable phase winding onto the condensate wavefunc-
tion, preparing a state of known angular momentum. The SLM also allows us
to correct for abberations in our system, enabling us to achieve a ring trap with
azimuthal variations of less than 10%. With this setup we have demonstrated
supercurrents persisting for two minutes, limited only by the gradual decay of

atom number.

e For the first time we have demonstrated that the angular momentum state of
the persistent current decays in a quantised fashion, corresponding to collective
jumps of the atoms between metastable minima. This unambiguously confirms

the decay mechanism as vortex-induced 27 phase slips.

e Our ability to resolve individual phase slips also opens the possibility to study
the dynamics of phase slips. We find that the supercurrent decays rapidly if
the superflow speed exceeds a critical velocity in good agreement with numerical

simulations, and we also observe rare stochastic phase slips for superflow speeds

187



8.1 Outlook

below the critical velocity. From this, we attribute the onset of decay to the
excitation of phonon modes when the superflow velocity exceeds the local sound

velocity, in agreement with numerical solutions of the GPE.

e We study persistent currents in a toroidal two-component Bose gas for the first
time. In contrast to many theoretical predictions, we find that the supercur-
rent is stable for spin polarisations above a well defined, and non-trivial, critical
value. Below this value we find the supercurrent is unstable, and decays due
to the presence of the second component. We also investigate the role of phase
coherence between the two spin states and show that only the magnitude of the
spin-polarisation vector, rather than its orientation in spin space, is relevant for

supercurrent stability.

8.1 Outlook

The outlook for future work on this system falls into two categories. The first of these
are experiments which further the understanding of our observations so far. One of
the main question posed by our observations of stochastic phase slips is the role of
temperature in the stability of persistent currents. By studying supercurrent decay as
a function of temperature it might be possible to understand how the energy barrier
to decay changes as a function of atom number. One could also extrapolate the data
down to 7' = 0, possibly allowing further confirmation of the zero temperature GPE
result, or perhaps one might find evidence of quantum tunneling, as was observed in
superfluid helium and superconducting nanowire systems. Studying how the critical
velocity changes, if at all, as the dimensionality of the system changes, could also offer
further insight into the connection between superfluidity and BEC.

Persistent currents in multi-component condensates offer a wealth of complex physics,
and here the challenge is more in trying to restrict oneself to a limited subset of the
possible mechanisms at play. Even in the absence of superflow, the evolution of a
two-component condensate with periodic boundary conditions is an interesting and
challenging problem. One of the main conclusions of our studies was the significance
of the inter and intra-species scattering lengths. For the two components we used, the
fact that they were almost equal, lead to a spin-symmetric stability criteria and long
timescale decoherence and spin dynamics. Clearly it would be beneficial to put our
results in context, by studying either a two-component condensate with significantly
different scattering lengths, or even a dynamically unstable mixture. This could perhaps
also further our understanding of the mechanisms which give rise to spin structures,
and whether these out of phase density fluctuations do indeed play a significant role
in disrupting the supercurrent stability, as predicted by our simple two-state barrier
model.

The second category of future experiments are those which use our setup to branch
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out into new areas of physics. As we discussed in Chapter 7, one of the most exciting
possibilities is the opportunity to generate an azimuthal vector potential, not least as
a means of measuring the superfluid fraction. While we have been able to demonstrate
some preliminary results, the truly interesting physics comes about once the dressed
state has a non-trivial spin composition. In such a situation one can demonstrate
the coupling between spin-composition and angular momentum, and even counter-
intuitively induce rotation in one spin-state by forcing the atoms to relax in the dressed
band. Several mappings have been proposed for the response of this system, including
interpretations as Faraday induction, an Aharanov-Bohm type effect, and the Einstein-
de Haas effect. While several technical challenges currently bar our progress, this
system is certainly interesting enough to merit further persistence.

An alternate direction we have considered, is to use our ring trap to study the
Kibble-Zurek mechanism [103]. The principle of this measurement is that in a second-
order phase transition, the relaxation time of the system diverges near the critical point,
and hence every such transition traversed at a finite rate is a non-equilibrium process.
If one considers Bose-Einstein condensation in a ring trap, then the phase of the macro-
scopic wavefunction is first established locally, with a domain size dependent on the
rate at which one quenches through the transition. As the condensate then comes into
equilibrium, these regions merge and can potentially create topological defects forming
quantised vortices. Such a mechanism has been observed in [224]. If one performs this
quench in a ring trap, it is possible to test the predicted scaling laws of the Kibble-Zurek
mechanism, by measuring the distribution of supercurrent states formed as a function
of quench rate.

Finally, we also note that our ring trap also forms an ideal system for fundamental
studies in a periodic potential. One such study, which would also further illuminate
our results on multi-component persistent currents, would be to study spin diffusion
on a 1D periodic lattice. By reducing the radial extent of our trap to below the spin
healing length, we can effectively create a 1D chain of spin domains. Such a system
would then be analogous to a Heisenberg spin chain, allowing us to study the system’s
response to both rotations of the global spin, and the propagation of local spin defects.
Such a setup could then also be used to study both single and two-component solitons
in a periodic potential. Many of these proposed experiments can also be done with
39K, where the additional freedom to precisely tune the scattering length over a wide

range opens up a wealth of further possibilities.
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Appendix A

Analytic form of pseudo-LG beam

To compare our pseudo-LG beam to the true LG field we now derive an analytic
expression for the field at the focus. As illustrated in figure A.1, we define the field at
the SLM as fo(xo, o), the field directly before the lens as f,(x1,y1) after propagating
a distance z, and the field at the focus as g¢(z2,%2). Using the rules defined in Section
4.2.4, we identify these fields as

7,.2
fo(wo,y0) = EoeXp< 0>6XP( 0p) (A1)

tonm) = o [ [ folan e | 3G = 200 + (0~ 90)] oo (42

ik
gf(x2,y2) )\f//fz 1, Y1 eXP[ 2f(951+y1)}

X exp [2f<( zo —x1)? + (Y2 — 11 )} dz1dy
- oo [ m (22)

=g gyt -] 7 (55 7)o [ ]
mlSGala(zE),  w

where

Fy <chf\ f)\> //fO 0, Yo) €XP <f/\ (x0x2+y0y2)) dzodyo

= EQ//eXp <—w02) exp(il6y)

X exp (227}7}\)7’2 cos(fy — 02)) rodrodfg

Using the identity

1
2™

2
In(z) = /0 exp(iz cos 6) exp(ind)do, (A4)
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A Analytic form of pseudo-LG beam

SLM

Jo(x0520) S (xn) gf(xzayz)

Figure A.1: Schematic of field propagation within LG setup: The field at the SLM, fo(xo,yo),
is composed of the incoming Gaussian intensity profile with the phase of the SLM imprinted.
For this calculation we only consider the effect of the azimuthal phase winding. The field after
freely propagating a distance z is defined as f,(z1,y1). The action of the lens is to impart a
spatially varying phase delay, ¢, defined in (4.10). The field of interest is that at the focal

point, g¢(z2,y2)-

where J,,(z) is the Bessel function of the first kind. One then finds

QLH / BT; I - 7"2] exp(iths)

5 2
X /ro exp (—;%) Jy < W}";)\Tz) dro. (A.5)

We have now extracted the azimuthal phase winding, showing that the field at the

focus carries angular momentum. The radial function can be slightly simplified using
the identities [225]

[e’e) p b2 b?
|7 e expiorp s = 4 xp<8p2) Lo (8]9) (A.6)

where I,,(2) is a modified Bessel function of the first kind, and

dJ,(z) _ In—1(2) = Jn+1(2)
dz 2 '

(A.7)
Integrating the radial function by parts we obtain the final expression

2 2 2
Enit1 2w T2 T I "2 _J 2
gp(x2,y2) = Eoi' V1= 22wy W exp 42w§ =L 2w2 gt 2w?

X exp [f)\ mf- 7 r%] exp(ilfs), (A.8)

where we define the diffraction limit wy = fA/7w. We note that unlike the numeri-
cal calculations presented in Section 4.2.4, this result does not account for the finite

apertures of the SLM and the imaging lens which are found to reduce radial oscillations.
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Appendix B

Numerical calculation of ring BEC

excitation spectrum

To consider the relevance of the various analytic models of critical velocity considered
in Section 5.5, we independently calculate the Bogoliubov excitation spectrum for a
nonrotating, two dimensional Bose gas confined in a ring potential. This calculation is
presented in [181], but here we present further details of our implementation. Repeating
this calculation was necessary to extend the results down to low atom numbers, relevant
to our experimental conditions where we observe phase slips. In doing so, we find the
conclusion of [181], that the spectrum is well approximated by the surface mode model
of [180], is only valid above a critical chemical potential, p.. Below u. we find that the
critical velocity for sound excitations becomes the lowest, and hence relevant, critical
velocity. This is accompanied by a change in the nature of the excitations from surface
instabilities, to phonon modes.
The condensate is described by the 2D GPE

i0;® = <_§ +;(r—r0)2+g|<1>|2> P, (B.1)

where we use the associated scale for energy (hw,), time (w; '), and length a, =
\/W. The condensate wavefunction, ® = ®(r,0,t), is normalised to unity,
A = 02 + 0,/r + 03/r* is the Laplacian in polar coordinates, ro = rar/a, is the
dimensionless ring radius, and ¢ = N \/@% is the dimensionless 2D interaction con-
stant, where N is the atom number, a is the s-wave scattering length, and a, is the
harmonic oscillator length in the z direction [182].

The initial ground state of the system is found by propagation in imaginary time.
If we consider the wavefunction as a superposition of eigenstates ¢,,(r) with time-
dependent amplitudes a,,(t) and eigenenergies E,,(t), by making the substitution At —
—iAt, the time evolution operator leads to an exponential decay of the wavefunction,

and a corresponding decay of the eignestates via

O(r,t+ At) =Y am(t)m(r) exp(—EmAt). (B.2)
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B Numerical calculation of ring BEC excitation spectrum

Figure B.1: Convergence of ground state
calculation: Plotted is the fractional change
in the calculated chemical potential and a
function of iteration number. The relative
change in p exponentially decays with itera-
s tion number, and the calculation stops when
the desired accuracy of 107'? is obtained.
Inset is an example plot of the calculated

1 ground state density.

0 50 100 150
Iterations

Fractional change in p

Crucially, the eigenenergy governs the decay rate, and so the eigenstate with the lowest
energy decays slowest. From some trial wavefunction and by renormalisation of the
wavefunction during the imaginary time propagation, the wavefunction will tend to-
wards the ground state of the system.

We perform this calculation on a mesh grid in both real space and Fourier space.
We split the evolution into two steps, the first acts on the real space wavefunction
with the real space energy terms associated with the external trapping potential and
mean field interactions. The second step Fourier transforms the wavefunction to the
momentum space and acts upon it with the momentum term. Fourier transforming
back to real space and renormalising, we obtain the wavefunction propagated in imag-
inary time. For sufficiently small time steps the wavefunction will then converge to
the ground state. The corresponding MATLAB code for this calculation is presented in
CalculateGroundState.m. An example of the obtained convergence to the ground state
is presented in figure B.1.

To find the excitation spectrum we use the rotational invariance of B.1, and con-

sider perturbations of the form
B(r,0,t) = e D(r) 4 6Py (1, 0,1)], (B.3)
where
3 (7,0,1) = tgn (r)e =m0 4 uy, () 0TI, (B.4)

® denotes the stationary ground state of the system, p is the global chemical potential,
and 09 is a small perturbation parameterised by the angular wavenumber m. Insertion
of this trial solution into the GPE we obtain the Bogoliubov-de Gennes equations to
first order in d®:

m2

1 1
oulr) = (=02 = 10,4 T 4 30— ol + 20108 = 1) ulr) + g0%0(r), (B5)

1 2 1
wolr) = (4 10 = T = S =P = 290 4 ) ) - g07ulr). (B
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B Numerical calculation of ring BEC excitation spectrum

Figure B.2: Typical calculation of 2D an-
nular BEC excitation spectrum: Plotted is
the eigenfrequency, w, versus the angular
wavenumber, m, for the lowest branch of
the dispersion relation. The black data
points are the results of our numerical cal-
culation, obtained by diagonalisation of the
Bogoliubov-de Gennes equations. The red
dashed line is the critical angular velocity,
Q. = min(w(m)/m). The inset shows the ra-
dial density profile of the condensate (black
dashed line) and the density profile of the
% 20 20 g0  excitation (red line), normalised to have the
m same peak value.

2
Density (arb.)

o(m) (o r)
~

To solve this problem we make use of the cylindrical symmetry of the problem and
reduce it to a one dimensional problem in the positive radial direction. For our mesh
of points in the radial direction ri...7;...r5, we define the vector of length 2N, X; =
[w(r1), ...u(ry), ..u(ry),v(ry), ..v(r;)...,v(ry)]. The Bogoliubov-de Gennes equations

can then be expressed as the matrix problem
Mi,in == jo, (B7)

where M;; is a two dimensional matrix obtained from equations (B.5) and (B.6). To

discretise the gradient operators we use the standard form

Bru(r) ~ “(T“)A;“(” (B.8)

and

w(riz1) — 2u(ry) + u(ri—1)

2 ~
OZu(ry) = A2

(B.9)

Calculating the eigenenergies of the excitations, w, then amounts to finding the eigen-
values of a 2N x 2N matrix, the lowest branch of which gives the critical angular
velocity, 2. = min(w(m)/m). One can also obtain further insight from the density
distribution of the excitation, given by 07, (r) = 2Re[®(r)* (um (7)) + vm(r)*)].

An example excitation spectrum is shown in figure B.2, along with the density
profile of the excitation in the inset. We note that to extend our calculations to very
low atom numbers, large mesh sizes are required to minimise the introduction of errors
as the width of the annulus becomes comparable to the grid spacing. A more efficient
formalism could make use of variable mesh spacing, implementing a coarse mesh in the
empty regions of the problem, and a finer mesh at the atoms.

MATLAB code for calculating the ground state:

1 function Phi = CalculateGroundState ()
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%$Set up mesh grid for calculation

%$Size of grid in radial oscillator lengths

L = 50;

%$Number of points per dimension in grid

Ngrid = 512;

$Iteration step size in imaginary time

tau = 0.04;

%$Distance between points in grid

Ax = L/Ngrid;

%Real space grid

[x,y] = meshgrid(—L/2:ax:L/2);

%$Momentum space grid

[px,py] = meshgrid(—pixNgrid/L:2+pi/L:pi*Ngrid/L);
%$Real space grid in cylindrical polar coordinates

[theta, r] = cart2pol(x,Vy);

%$Convergence required for ground state calculation
lim = 10°—12;

% Find the Ground State==== ==

o

%Guess initial trial wavefunction based on 2D TF profile
PhiO = real (sqgrt(real((1—((r—r0)/RTF)."2)."(3/2))));

Phi0 = Normalise (PhiO);
Phi = PhioO;

Au = 1;

$Iterate to find ground state

while (abs (au)>1im)

ustart = chemPot (Phi);

Phi = exp(—tau* (0.5% (r—r0) . 2+g*Phi.*conj(Phi))) .*Phi;
Phi = fftshift (fft2(Phi));

Phi = exp(—taux(0.5xpx. 2+0.5xpy." 2)) .*Phi;

Phi = ifft2(ifftshift (Phi));

Phi = Normalise (Phi);

%$Calculate chemical potential of new wavefunction
ustop = chemPot (Phi);

Au = abs ((ustop—ustart) /ustart) ;

y================== Normalise Wavefunction=====s========== %

function p = Normalise (Phi)

if (sum(sum(Phi.xconj(Phi))) #£0)
p = Phissqgrt (1/sum(sum(Phi.xconj(Phi)x* (ax~2))));
else

P
end

Phi;
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function u = chemPot (Phi)

if (sum(sum(Phi.xconj(Phi))) =#0)
%Real space energy
V = (Ax"2) *sum(sum(conj (Phi) .* ((0.5% (r—r0)."2) .xPhi...
+g* (Phi.xconj(Phi)) .*«Phi)));

%$Kinetic energy

K = (ax"2)xsum(sum(conj (Phi) .xifft2 (ifftshift ((0.5xpx."2+...
0.5+py."2) . xfftshift (££t2(Phi))))));
u = (V+K)/ ((ax"2) *+sum(sum(conj (Phi) .+Phi)));
else
u = 0;
end

end

end

MATLAB code for calculating the excitation spectrum:

1

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

function Phi = CalculateExcitationSpectrum (Phi)

%$Angular wavenumber of excitations to consider

m_values = 0:60;

%Get Phi as a function of radial variable
PhiR = Phi (Ngrid/2+1, :);

R = x(Ngrid/2+1,:);

%Crop R and PhiR to exclude zero

PhiR = PhiR(logical (R>0));

R = R(logical (R>0));

AR = L/Ngrid;

n = size(R,2);
================= Find the excitation spectrum================ %
for 1 = l:size(m_values, 2)

m = m_values (i);

%$Generate sparse matrix for diagonalising

%$Create on diagonal terms relating to angular kinetic energy,

o\

trapping potential, mean field interactions, and chemical
% potenial
OnDiag = [(((m)"2)./(2%R."2)+0.5%x (R—x0)."2+...

197




B Numerical calculation of ring BEC excitation spectrum

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

end

2xgx (PhiR.*conj (PhiR))—u) ...
(—((m)"2)./(2%R."2)—0.5% (R—r0) ."2—. ..
2xg* (PhiR.*conj (PhiR) ) +u) ];

%$Create terms corresponding to double derivative term in the

$kinetic energy, d"2/dr”2.

OnDiagKineticSecond = —0.5%«[—1/(AR"2) —2+ones(l,n—2)/(AR"2) ...
—1/(aR"2) 1/(aR"2) 2xones(1l,n—2)/(aR"2) 1/(aR"2)];
OneUpDiagSecond = —0.5% [ones (1,n—1)/(aR"2) 0

—ones (1,n—1)/(AR"2)1;
OneDownDiagSecond = —0.5%[ones (1,n—1)/(aR"2) O
—ones (1,n—1)/(aR"2)];

%$Create terms corresponding to single derivative term in the

$kinetic energy d/dr.

OnDiagKineticFirst = —0.5x[—1./(R(1:n—1)*AR) 1/(R(n)=*AR)...
1./(R(1:n—1)*aR) —1/(R(n)*aR)];

OneUpDiagKineticFirst = —0.5%[1./(R(1l:n—1)=*AR) O
—1./(R(1l:n—1)*AR)];

OneDownDiagKineticFirst = —0.5%[zeros(1l,n—2) —1/(R(n—1)*AR) ...

zeros (1,n—1) 1/(R(n—1)*aR)];

OnDiagKinetic = OnDiagKineticSecond+OnDiagKineticFirst;
OneUpDiag = OneUpDiagSecond+OneUpDiagKineticFirst;

OneDownDiag = OneDownDiagSecond+OneDownDiagKineticFirst;

%$Create the cross terms between the u(r) and v(r) equations
NOffDiag = gxPhiR."2;

$Build matrix from individual vectors created so far. All
elements

$not specified are set to zero

M = diag(OnDiag)+diag(OnDiagKinetic) +diag(OneUpDiag,1)+. ..
diag (OneDownDiag,—1)+diag (NOffDiag, size(R,2))+...
diag(—conj (NOffDiag),—(size(R,2)));

%$Calculate eigenvectors and eignevalues of matirx M
[V,D] = eig (M, "nobalance');
W = diag(D);

$Extract lowest energy eigenvalue and the corresponding

eigenvector
[W, index] = sort (W);
Omega (1) = W(1l);

Vector = V(:,index (1));

Vectors{i} = Vector;

%Anglin surface mode vc

w_surface = abs(m.values)* (sqrt(2)*(u”(1/6))/(rO+sqrt(2*u)));
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7

end

%$Local speed of sound vc

w_sound =
$vc from e

[CritW, mcr

abs (m_values) x (2+xsqrt (uxhbarxwr/ (3*mass) )/ (r0))/ (ar*wr);
xcitation spectrum

it] =

min (abs (Omega (abs (m_values)>0)./m_values (abs (m_-values)>0)));

w_spectrum

= abs (m_values) *CritW;
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